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Chapter 1

Introduction

Disclaimer (2009): These notes are being written in the beginning of 2009.
LHC should start running hopefully within a year. Then, it is likely that some
data concerning supersymmetry will soon start to be available. The most
favourable outcome is a Nobel prize awarded already in 2011. Then there
would be little need to motivate further the subject of these lectures. On the
other hand the outcome could be the opposite, ruling out supersymmetry
in the (accessible) real world. Then these lectures are concerned with a
beautiful mathematical construction which allows us to better understand
the quantum properties of field theories. Of course, it is most likely that the
real outcome of LHC will be just half way between the two options above..

Disclaimer (2015): Well, it turned out to be, of course, in the middle. SUSY
is not ruled out, but its most straightforward versions are having a hard time,
in particular to justify their usefulness.. Stay tuned!

1.1 Motivating supersymmetry

Supersymmetry is an organizing principle for quantum field theories which
addresses both theoretical and technical aspects of them.

In all generality, symmetries (both internal and space-time) implement
constraints on the structure of the theory, and on its quantum corrections.
In particular, they help in answering the following questions:

e Why is the spectrum as it is?

e Why are there some couplings, while others are vanishing?

7



8 CHAPTER 1. INTRODUCTION

e Why some quantities are much smaller than others (i.e. there are hi-
erarchies)?

Supersymmetry is a very powerful symmetry, which extends the usual
Poincaré space-time symmetry. In this sense it is more powerful than a
global internal symmetry. Particles are commonly divided into bosons (of
integer spin, such as scalars and vectors) and fermions (of half-integer spin,
which herein will always be spin 1/2). Supersymmetry (also called SUSY)
relates these two kinds of particles. It must then mix non-trivially with
the Poincaré space-time symmetry since it relates particles which belong to
different representations of the Lorentz group, since the latter are denoted
by their spin.

As we will see, SUSY implements strong constraints on the spectrum and
on the couplings of a field theory. Thus, it goes towards the goal of formu-
lating a unique theory of all interactions, where everything is constrained
and nothing is left to (arbitrary) choice. Actually, it goes very close to this
aim when gravity is taken into account and the theory becomes the one of
supergravity. Moreover, if one wants a setting in which gravity is consis-
tently quantized, one has to resort to string theory. It is amusing to note
that in turn, string theories are fully consistent only when supersymmetry
is present—one then talks of superstring theory. Actually, it is really in this
context that SUSY appeared first in physics, during the early 70s.

At a more technical level, SUSY helps also in addressing the question
of quantum corrections and hierarchies, which is related to the notion of
naturalness, as opposite to fine tuning: One wants the parameters in the
theory describing Nature to be close to generic values. This is intimately
related to the symmetry in the spectrum relating bosons and fermions.

Take e.g. the vacuum energy in the most simple quantum mechanical
model. For a bosonic oscillator, we have

1
Hp = i(aTa + aal).

At the quantum level, i.e. when [a, a'] = h, we have that the vacuum state,
defined by a|0) = 0, is such that

1 1 1
Hgl0) = §aaT|O> = é(aTa + h)|0) = §h|0>
so that the vacuum energy is

1
Evac,B = 5 h.
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In field theory, we basically have oscillators at every space-time point or,
in other words (and after a Fourier transform), of every frequency. Summing
over all of them will give a very large vacuum energy density, roughly pro-
portional to the 4th power of the cut off scale beyond which the theory is no
longer well defined, usually taken to be the Plack scale MPH

Now consider a fermionic oscillator, with Hamiltonian and anti-commu-
tation relations as follow

1
Hr = é(aTa —aal), {a,a'} = h.

If the vacuum is defined by «|0) = 0, we get
Hpl0) = —~aa|0) = =~ (h — ala)[0) = —=5[0)
PR T2 T2
so that the vacuum energy is now
1
E'Uac,F = _éh

It is negative.ﬂ
So, if for every frequency we have

Hyy = Hg+ Hp = d'a + ofa

then
Etot =0

and the total energy density vanishes.

This is one instance of the simplifications due to SUSY, and also an
example of how a symmetry (implicit but present in the above) can constrain
a quantity such as the vacuum energy. The lesson is that quantum corrections
are sometimes vanishing, or at least more constrained. As we will see, this
is also true for radiative corrections, for instance to the mass of particles.

One vexing problem of the Standard Model (SM) is the hierarchy between
the scale of Electro-weak interactions Mgw ~ 100 GeV and the Planck scale

Indeed, trading energy scales for length scales, it makes no sense to consider any
quantum field theory at distances shorter than the Planck length (L, = M, ! in the
relevant units), where quantum gravity effects affect the notion of space-time itself.

*Note that Hpa'|0) = (afa — 1h)al|0) = (a'h — $hal)|0) = Lhaf|0) so that indeed
|0) is the ground state.
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M, ~ 10" GeV. Roughly speaking, and without entering into the details,
the Electro-weak scale depends in particular on a parameter of the SM, the
Higgs scalar mass, which has to be fine tuned by many orders of magnitude
(with respect to M,, of course) in order to give the experimentally observed
scale. Even more troubling, quantum corrections tend to restore this mass
to its “natural” scale M, due to quadratic divergencies. Namely, there are
for instance one-loop corrections to the Higgs scalar two-point function, with
quarks and leptons running in the loop. If H is the Higgs scalar, 1,1 are
such representative fermions, and there is an interaction term Ly D NHY),
then the leading UV divergence in the two point function of H is proportional

to
Auv 1 1
22 d'p=—— ~ NZA?
/‘ Pop—k v
where p is the momentum running in the loop, k£ the incoming momentum
and Ayy the UV cut-off of the theory.

Supersymmetry comes to the rescue by adding, for every fermion, a new
scalar particle, call it Sy, along with a new vertex involving H, £3Y7Y D
pH?S7. There is then a new one-loop correction to the two point function
for H, with S, running in the loop. It also has a quadratic divergence,

proportional to:
hove 1 2
H / d PE ~ gy

It is easy to conceive that by tuning the couplings u oc A2, the two leading
corrections can cancel. This is exactly what supersymmetry does!

So, SUSY can help in maintaining a hierarchy, protecting it from quantum
corrections.

Ezxplaining the hierarchy is on the other hand more involved. Let us just
mention a natural way to generate large hierarchies in quantum field theory.
Consider for instance a scale generated dynamically by dimensional transmu-
tation along a renormalization group flow. This is the case for non-abelian
gauge theories, where the one-loop beta function for the gauge coupling ¢
reads

Blo)=n =~ D4 o).

=T T 16n2

We have that for asymptotically free theories, such as QCD, by > 0 and the
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above differential equation can be integrated so that

872 872 U
= + by log —.
9*(1)  g*(Auvv) Apy
A dynamical scale is obtained by running downwards the above expression
until the coupling becomes infinite. Reversing then the equation, we obtain
that the scale defined in such a way is given by

g2

Aagyn = Apye 20?Gov)

The coefficient by is of the order of the rank of the gauge group, while g(Ayv)
can be naturally taken to be < 1 and reasonably small. Then the exponential
factor in the expression above can be very small, even 107'° to mention one
interesting ratio.

The upshot is that some hierarchies, like the one between Agy, and Ayy,
can be naturally explained. For instance, the dynamical scale of QCD
Agep ~ 250 MeV gives the order of magnitude of the masses of hadrons
and baryons, and the hierarchy between Agcp and M, is explained by the
asymptotic freedom of QCD. Thus, for SUSY to explain the hierarchy prob-
lem in the Electro-weak sector, the mass of the Higgs scalar must be related
to a dynamically generated scale. We will see shortly how SUSY can be
associated to such a scale.

Another, independent, motivation for supersymmetry is found in the phe-
nomenological arena, and has to do with the idea of Grand Unification (a.k.a.
GUT, for Grand Unified Theory). The idea is that the gauge group of the
Standard Model is embedded in a simple gauge group:

Gsy = SU(3) X SU(Q) X U(l) C Gaur
One easily realizes that the two smallest simple groups are:
Geur = SU(5),SO(10),. ..

Of course any larger group containing the above is also suitable, but the
above groups are the ones yielding a minimal extension of SM physics. (In
particular, matter representations of Ggyr split up into just the matter rep-
resentations of Ggpy.)

A necessary condition for unification to take place, is that the breaking of
the gauge symmetry from Ggyr to Gy is consistent. From first principles,
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it has to happen in the following way. In the UV, there is only one gauge
group, and hence a single coupling, which runs as prescribed by its beta
function (one assumes that the GUT is asymptotically free). Going towards
the IR, at some scale Mqgyr the gauge group Ggyr is broken to Ggys by
the Brout-Englert-Higgs mechanism (just as SU(2) x U(1)y is broken to
U(1)gpm at Mpw ). At this stage, the couplings of the 3 groups in Ggys start
running independently, according to each one’s beta function. However, it is
important to note that they share the same boundary conditions at Mayr.
This is referred to as gauge coupling unification. Hence, in order for the GUT
idea to work, one has to take the observed values of the gauge couplings in
Gsr at, say, the Electro-weak scale Mgy, and run them upwards using their
beta functions. Doing this will draw three linesﬂ in the plot of 1/¢? against
log p. GUT is then an acceptable idea if the three lines meet.

Now, if one uses the beta functions of the SM (which implies conjecturing
that there is no new physics from the Mgy scale onwards to a putative
Mgyt scale, since new heavy charged particles would contribute to the beta
functions at scales roughly higher than their mass), the three lines come
close but actually miss. Now three lines in a plane do not have to meet at
a common point, and do not even have to come close to that. Hence this
close miss does not rule out completely GUTSs, at least at the level of wishful
thinking. But SUSY rescues the idea altogether. Indeed, using the spectrum
of the minimal SUSY extension of the SM, called the MSSM (to be defined
later..), which means that a precise set of new particles starts contributing to
the beta functions at scales slightly higher than Mgy, (recall that SUSY has
to kick in around Mgy in order to address the hierarchy problem), then the
three lines do meet! Of course, there are error bars, but the meeting seems
indeed reasonable and it predicts a GUT scale of Mgy ~ 10*¢ GeV.

Let us also briefly mention that one last interesting outcome of SUSY
is the prediction of the existence of a stable, neutral particle (the lightest
supersymmetric particle, or LSP) which is usually a viable candidate for
dark matter.

There are also theoretical motivations for studying supersymmetry. In
particular, the study of SUSY gauge theories in general (and not only the
MSSM) has had many successes. SUSY is such a strong constraint on the
structure (both at the classical and quantum levels) of the theory, that is
has been possible to obtain results in the strong coupling regime (i.e. at low-

3 At least at one-loop.



1.1. MOTIVATING SUPERSYMMETRY 13

energies for asymptotically free theories, when E ~ Ay, and g — 00) that
cannot be obtained, for instance, in non-supersymmetric QCD. This moti-
vation, though more remote from observational constraints, is on the other
hand somewhat more stable, in that the beautiful mathematical structure of
SUSY and its implications for quantum gauge theories are independent on
the likelihood of the LHC to work properly..

Until now, we refrained to address one important aspect, that should
however be obvious: supersymmetry is not yet observed. Again, LHC aside,
the important point here is that the SM, which reproduces so well all the
observations done until now (say, below few TeVs), is not supersymmetric.
In particular, SUSY must relate bosons and fermions, but as we will see it
commutes with any gauge group (and, for that matters, also with generic
global symmetry groups), so that superpartners must belong to the same
representations. It is obvious that bosons and fermions in the SM do not
belong to even slightly similar representations. Then, the most pressing
question to be addressed is ‘how is SUSY broken?’

There are essentially two options:

i) SUSY is broken explicitely, i.e. by non-SUSY terms in the Lagrangian,
but in a way that its virtues are not (completely) spoiled. Such breaking
is called soft SUSY breaking.

ii) SUSY is broken spontaneously (or, equivalently, dynamically, where the
two terminologies subtly refer to the breaking being due, respectively,
to a classical or a quantum mechanism): the theory is SUSY but the
(classical or quantum) vacuum is not. This is somewhat nicer because
in formulating the theory we can use all the constraints imposed by
SUSY. Many of its consequences are also still valid. Such breaking is
called spontaneous (or dynamical) SUSY breaking.

In both cases, it is important to note that there will be a scale associated to
the SUSY breaking effects, which we will call Mgysy. It can be for instance
the scale of a mass (soft), or of a VEV (spontaneous). For E > Mgysy the
theory is SUSY, while for £ < Mgysy it is not. In a way, Mgsygy will work
as an effective cut-off for the corrections which are protected by SUSY.

In particular, it will be phenomenologically important to obtain Mgysy <
Mecur, M, so as to protect (and possibly implement) the hierarchy. Natural-
ness thus seems to point towards dynamical SUSY breaking, where Mgysy
is linked to Agy, of some gauge group, possibly hidden.
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To conclude, the motivation to study supersymmetry should be matched
by an equal motivation to study how supersymmetry can be broken.

1.2 Plan of the lecture notes

These lecture notes are organized as follows.

In Chapter 2 we review the superalgebra as an extension of the Poincaré
algebra, and its representations, i.e. the supermultiplets containing bosons
and fermions.

In Chapter 3 we implement supersymmetry at the level of Lagrangian
field theories, and provide simple examples of such theories with and without
gauge fields.

In Chapter 4 we turn to formulating manifestly SUSY invariant actions
for the same field theories, thus introducing superspace and superfields.

In Chapter 5 we discuss the most general SUSY gauge theory with matter,
reviewing its classical properties such as the moduli space of SUSY vacua,
and providing the examples of Super-QCD (SQCD) and the MSSM.

In Chapter 6 we review the perturbative quantization of SUSY field the-
ories, discussing radiative corrections and non-renormalization theorems.

In Chapter 7 we discuss various mechanisms of supersymmetry breaking.

1.3 Further reading

It can be useful to list some references, essentially reviews or books, that
can help in comprehending the subject of these notes. Most of the references
below were indeed used to form the material presented here. Additional
references on specific issues may be given at a later stage.

e A. Bilal, “Introduction to supersymmetry,” arXiv:hep-th/0101055.

e P. C. West, “Introduction to supersymmetry and supergravity,” Singa-
pore, Singapore: World Scientific (1990) 425 p.

e J. Wess and J. Bagger, “Supersymmetry and supergravity,” Princeton,
USA: Univ. Pr. (1992) 259 p.

e S. Weinberg, “The quantum theory of fields. Vol. 3: Supersymmetry,”
Cambridge, UK: Univ. Pr. (2000) 419 p.
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e P. Argyres, “Lectures on Supersymmetry,” available at
http://www.physics.uc.edu/ argyres/661/index.html.

J. Terning, “Modern supersymmetry: Dynamics and duality,” Oxford,
UK: Clarendon (2006) 324 p.

e S. P. Martin, “A Supersymmetry Primer,” arXiv:hep-ph/9709356.

R. Argurio, G. Ferretti and R. Heise, “An introduction to supersym-
metric gauge theories and matrix models,” Int. J. Mod. Phys. A 19
(2004) 2015 [arXiv:hep-th/0311066].

K. A. Intriligator and N. Seiberg, “Lectures on Supersymmetry Break-
ing,” Class. Quant. Grav. 24 (2007) S741 [arXiv:hep-ph/0702069].

The references are essentially ordered by closeness in spirit to these notes.
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Chapter 2

The superalgebra

In this chapter we introduce the algebraic structure on which supersymmetry
is based, that is the superalgebra. Since it is an extension of the space-time
Poincaré symmetry, we first review some basic notions on the representa-
tions of the Lorentz group. We then present the superalgebra, and derive
the first simple physical consequences for the spectrum of a supersymmetric
theory. We then construct representations of the superalgebra, also called
supermultiplets, both massless and massive. In this chapter, we will also
briefly mention ezxtended superalgebras, which however will not be dealt with
in the rest of the notes.

2.1 A graded extension of the Poincaré alge-
bra

In general, under mild assumptions, the Poincaré algebra cannot mix non-
trivially with other symmetries. In other words, it cannot be embedded in
a larger symmetry algebra. This is the main conclusion of the Coleman-
Mandula theorem of the ’60s. In a nutshell, it says that if there are extra
space-time symmetries (i.e. extra symmetries mixing non-trivially with the
Poincaré generators, which means that they are in non-trivial representations
of the Lorentz group), then they would constrain so much the S-matrix that
it would necessarily be trivial. It has to be noted that this theorem holds

17



18 CHAPTER 2. THE SUPERALGEBRA

in four dimensions[l] Of course, a trivial S-matrix means that the theory is
free, and no interactions make the theory a rather dull one. Hence, the only
extensions which are allowed are the ones by global internal symmetries, i.e.
whose generators are spin 0 scalars.

Now, the Coleman-Mandula theorem is true for bosonic symmetries. It
has one exception if one considers graded extensions of the Poincaré algebra,
that is algebras involving even and odd operators such that

[E,E|=E, [B,0l=0, {0,0}=E,

with E any even operator, O any odd operator and {, } the anticommutator.
It then turns out that allowing for odd operators, the Coleman-Mandula
theorem is still at work and implies that the only such extra generators one
can add have spin 1/2. This is a theorem by Haag, Lopuszanski and Sohnius.
Very schematically, one can introduce a spin-1/2 generator () which sat-
isfies the following (anti)commutation relations with the momentum P:

[P.Q] =0, {QQ}=PF

The operator @) being of spin-1/2, it relates states belonging to represen-
tations of spin s to ones of spin s + % By the relation between spin and
statistics, it then relates bosons to fermions and vice-versa.

Since fermions, and spinors, are crucial to SUSY, we need to review some
facts and notation about representations of the Poincaré group, in order to
proceed and be more precise.

2.2 Representations of the Lorentz group

Let us anticipate that we will use consistently 2-component Weyl spinors
throughout these notes. Indeed, the usual Dirac spinor is actually a reducible
representation of the Lorentz group. This said, we can start reviewing the
Poincaré algebra.

The commutation relations are (u = 0,1,2,3):

[P.,P] = 0 (2.1)
My, Mpo) = —in,Mye — e Mup + oMy + inypMue  (2.2)
M, P, = —in,P, +in,,P, (2.3)

Tt has an important exception concerning theories where all degrees of freedom are
massless (the space-time symmetry becomes then the conformal group).
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Here the generators satisfy:

Mul/ = _MV/M MZTJ = Mij7 Mgz = _MO“ PT - P“’ <24)

I

i.e. they are hermitian except for the boost generators (this is due to the
non-compactness of the Lorentz group). Moreover, we take the metric to be

N = d1ag(+, T T _)' (25)

Let us now consider more closely the algebra of the M, , that is the
SO(1,3) Lorentz algebra. Consider the split to the spatial indices i = 1,2, 3
(and notice that 7;; = —d;;). The M,; are 3 generators satisfying

[Mija Mk;l] = ZélkM]l + Z(Slelk — 2(511.7\4]]C — Z(Sjk‘MZl (26)
If we write
sz = szka (2-7)
that iS, M12 = Jg, M23 = Jl, M31 = JQ, we obtain

[Jis Jj] = i€ijidi (2.8)

the algebra of SU(2).
Now we can also rename the other generators as My, = K; and find for
their commutation relations

[M;;, Mog| = 106 Mo — 6 Mo
which gives
eijl[t]la Kk] = —Z(SJsz -+ ZéZkKj

and finally
[Ji, KJ] = Z'Eiijk.

We also have
[Moi, Moj] = —iM;;

which gives
[Ki,KJ’] = —iéiijk.

To summarize, we have rewritten the commutation relations of SO(1,3) as:

[Ji, J]] = ieiijM [JZ, KJ] = iEiijk, [KZ, KJ] = —iﬁiijk. (29)
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We can now form the following complex generators

1
JE = 5(JZ- +iK;), (2.10)
which are hermitian, and satisfy (J*)* = —JF (we must take all the J; and

K; to be imaginary, in order for all rotation and boost parameters to be real).
Let us compute their own commutation relations:

[T = }l{i%ﬂk — (—deir i) £ (i€ Ky) £ i(—iejinKi)}
ieijk%(Ji +1K;)
= deydy
while
[ 7] = i{iEz‘ijkJr (—deignJr) Fi(ieinKy) £ i(—iejin Ki)}

= 0
We have thus established that the Lorentz group can be rewritten as
SO(1,3) = SU(2) x SU(2)*.

This is of course a very well-known fact in the theory of Lie algebras, where at
the level of complex algebras one writes that SO(4) = SU(2) x SU(2). Here
we are concerned with a specific real form of SO(4,C). It is also sometimes
useful to note (or familiar) that

SU(2) x SU(2)* = SL(2,C)

the group of the 2 x 2 complex matrices of unit determinant.

Here, it will suffice to recall that representations of the Lorentz group
can be classified by two SU(2) spins (s,s’) of SU(2) x SU(2)*. Then, the
complex conjugation of the second SU(2) is understood with the following
meaning, when considering an arbitrary representation:

(s,8) = (5,5).
The smallest representations are the spinorial ones:

(3,0) and (0,2).
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We will denote them as 2-vectors with indices, respectively
a=1,2 and a=1,2.

We will thus write our Weyl spinors as 1, and 14, with the understanding
that

<¢a)* = 2/_}o'z-
Higher dimensional representations appear taking (tensor) products of
this two basic (fundamental) representations. For instance:

(3:0)®(0,3) = (3:2);

which is an irreducible 4-dimensional representation of SO(1,3), so it cannot
be anything else than a vector v,,.
Indeed, we can write the product of two spinors as

¢a15a = Vaa

a 2 x 2 matrix, thus with 4 components. The latter can in turn be decomposed
into a basis of 2x2 matrices. As such a basis, we can choose the Pauli matrices
supplemented by the identity:

oh. = (I,—7), (2.11)
which means explicitly

10 0 —1 0 ~1 0
0 __ 1 _ 2 _ 3 _
U B A E el ) B IO

(2.12)
We now see that the product of two spinors is indeed a vector:

¢a¢d = Vaa = O-Zdv;r
Another example is the following product:
(3,00 @ (5,0) = (0,0) & (1,0).

The right hand side thus corresponds to a singlet together with a 3-dimensio-
nal representation of SO(1,3). As a product of two spinors, we can write:

¢QX/5 = €a8S t+ tag, with tag = tsa-
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€a = —€pq 1s the invariant tensor of SU(2) (one can check that, using the
fact that the SU(2) matrices have determinant 1).

Then, what is t,37 It should be an integer spin representation of SO(1, 3),
so it should be associated with a bosonic field with some Lorentz symmetry.
Consider for instance an antisymmetric tensor 7),, = —7,,,. It has 6 indepen-
dent components. However, in SO(1,3) we also have an invariant completely
antisymmetric tensor, written as €,,,, and sometimes called the Levi-Civita
tensor. We adopt the convention that

_ 0123 _
coizz =€ =1

It can be used to define a dual tensor

~ 1

T,LLV = éeﬂypo-Tpa'.
Note that
= ) ~ ) )
Tw’ - §€WP0TPU - §6Wp" <_§GPUMT/\T> - T/w-
The dual tensor is also antisymmetric T;w = _Tuu and hence also has 6

components. We can define:

1 ) - 1 i .
T = 5 (T gnt™) 3 (B = o)
1 1
_ + -
= §T T §T e
We have thus ,
~ ’L -
T = §€#VpoTip =+,

which means that these two tensors are (anti)self-dual. Each one has only 3
independent (generally complex) components.

The representation (1,0) corresponds to a self-dual tensor like T/j,, while
(0,1) = (1,0)* corresponds to an anti-self-dual tensor like T, or (T})*.
Indeed, one has

(3:3) ®a(3.3) = (1,0)® (0, 1).

Going back now to €., we note that it can be used to raise and lower

indices. In the process we will fix a good deal of notation and conventions.
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First of all, we define the SU(2) antisymmetric tensor to have the following
values: B
=P =€y =€ = 1.

Then, we define:
1/10‘ = 60"%57 % = Eaﬁwﬁa djd = edﬁ&ﬁ'v @d = 6@31;5-

In other words, adjacent indices are always contracted with the epsilon ten-
sor on the left. [Exercise: count the number of arbitrary signs that one
is fixing with these conventions..] Note that the fact that, for instance,
Y™ = e*Pihg, is really the statement that the fundamental and the antifunda-
mental representations of SU(2) are equivalent. This is not true for SU(N),
with N > 2, where there are two, distinct, conjugate N-dimensional rep-
resentations, called the fundamental and the anti-fundamental (and often
denoted by N and N).

As already seen, €, and €5 can be used to form scalars from fermionic
bilinears. The notation and sign conventions are the following:

VX = V%0 = €PUpxa = —€PXaths = €7 Xatls = X5 = XV

OX = PaX® = Yacx5 = =X gba = ¢ Xga = X0’ = X0
Note that the sign in the third equality in both expressions is due to the
Grassmann nature of the half-integer spin fields 1, etc, as it befits fermions.
Other relevant identities are as follow. To form a vector from two spinors,
one writes

Yo' = Ut = =Xt
= —Edﬁigagafaﬁﬁ/}ﬁ = —XB(EBdeﬁaUZd)¢B
= 0" = —xoy,
where we have defined .
(") = (I, +m). (2.13)

Under complex (i.e. hermitian) conjugation, we apply the rule
(Yaxs)™ = X5¥4 = Xs¥a

so that B B
(Vx)" = (V)" = Xa¥™ = X¥ = ¥X.
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Finally, let us make the connection with Dirac (i.e. 4-component) spinors,
and Clifford ~-matrices. Taking

we can compute

ot + o"at 0
BV -

Now, we have:

0’57 + 075" = —{1;, 7} = —26;1,

and similarly for 6o. Hence we are reassured to have

{7} = 20" 14

A Dirac spinor is then a spinor

= (%),
X

in the (3,0) ® (0, ) reducible representation.

The chirality matrix is
IL, O
_ 0123 | l2
V5 =iy vy = { 0 —Hz}'

Hence we see that the Weyl spinors we have been dealing with are chiral, as

expected:
5 _ : o wa o 0
YU =+U ift \If—(0> or \P_(X(i).

A Majorana (“real”) spinor is one for which 1) = x, that is

m:(Zg).



2.3. A FIRST LOOK AT THE SUPERALGEBRA 25

The Lorentz generators are written as:

= o =S (M =) = v v

0 oto? — g¥o"

W~ |

{

2
w0

T ]

This in particular means that ic”” and i act as Lorentz generators on 1,
and 9%, respectively.
For example:

1 i | otg? — oVaH 0
4

| . ) ) ; i 1 111 0
(ig%)a" = §(0'5°~0%") = g (nme=mom) = —q2im = 57 = 5 { 0 -1 }

and similarly for (i'?)
values +1 for J3.

We can now close this long parenthesis on representations and nota-
tions/conventions.

%;. This means that 1, and % correctly have eigen-

2.3 A first look at the superalgebra

We are now armed with the required knowledge to write the superalgebra.
First of all, we have to write the supercharges, i.e. the odd generators of the
superalgebra. They must be in a Spin—% representation of the Lorentz group,
we thus write them as

Qa-

If there are several supercharges, we can write Q, with I = 1,... M. Note
that there are no independent charges like @, because we can just take their
hermitian conjugate as the “elementary” supercharges, @', = (Q%)". Minimal
supersymmetry (in 4 dimensions) is achieved when N = 1.

We should now write the basic anticommutation relations. Exploiting the
fact that a vector is obtained through the product of two spinors of opposite

chirality, Yo Xa = Vaa = 0440, We postulate:

{Qa, Qa} = 204, P,. (2.14)
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The commutation relations of the (), with the Poincaré generators or, in
other words, their transformation laws, are given by

[P, Qal = 0, (2.15)
[Muuv ro] - i(auy)aﬂQﬁ7 (216)
[M/JZM Qd] - _Z'(a-uy)dﬁ@[g. (217)

Note that the latter two equations are obtained by hermitian conjugation

from each other, and they are the rightful transformations for a spin—% oper-

ator. On the other hand, the relation follows from the Jacobi identities.
First note that Jacobi identities must be adapted to graded algebras:

[Eh [EQv 03]] + [EZv [03’ El“ + [037 [Elv EQH =0,

[E1,{O9, 03}] + {0, (O3, E1]} — {03, [E1, Oo } = 0,
[01,{02,03}] + [02,{03, 01 }] + [03,{01,02}] = 0,

where E are even and O odd operators. Then one sees that considering the
identity for Q,, P, and P,, and recalling that there should not be operators
with spin higher than 1 in the superalgebra (the Coleman-Mandula theorem
extended by Haag-Lopuszanski-Sohnius), P, and (), could only commute
to Qg4, but the proportionality constant must vanish (essentially, the Jacobi
identity would be proportional to ¢, (), which does not vanish).

Next, we can infer from the Jacobi identity involving P,, ), and () that:

{Qaa Q,B} =0.

Thus, to recapitulate, the minimal supersymmetry algebra is given by:

{Qa.Qs} = 204.P,, (2.18)
{Qow QB} = 0, (2.19)

[P/M Qa] = 0, (2.20)
[M/un Qa] = i(aﬂu)aﬁgﬁ' (2‘21)

If we have an extended SUSY algebra, i.e. we have supercharges Q?,

there is one more possibility which is consistent with the Jacobi identities
and the Coleman-Mandula theorem, that is we can add to the algebra some
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central charges Z'7, which are Lorentz scalars and hence commute with all
the other generators:

{QL, Q1) = 200,P.0", (2.22)
{Q, Q3 = eapZ", (2.23)
[Qa, 2] =0, (2.24)
[P 2" =0, (2.25)
(M, Z"] 0. (2.26)

Note also that the anticommutation relation where they appear implies that
717 = — 771 This is why there is no central charge when N = 1.

2.3.1 Basic consequences of the superalgebra

We state here the most basic consequences that the superalgebra has on its
representations.
First of all, since [P,, Q,] = 0, we also have

[P27Qa] = 07

and thus any two states related by the operator @ (namely, Qlw) = |w'),
with |w) and |w’) of opposite statistics) must be degenerate in mass.

Secondly, the energy of any state is always positive, and it is zero only in
a supersymmetric ground state. This can be easily demonstrated. Take

I lQa Qadle) = D (l(Qe) Qule) + 3 {](Qu)'Qule)
= 2 1Qal)l*+ > 1Qal)* > 0.

Now, noting that §*¢ = (¢°)%*, we can also write

0*H(wH{Qas Qatlw) = 2(6°)* 0l (W] Pulw)
= Hw|Polw)
= 4E|w)|. (2.27)
We thus conclude that E > 0 for any state |w) in a supersymmetric theory.

(Note that we adopt the reasonable convention that Py = P° > 0 for future
directed physical particles.)
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Conversely, we also note that E' = 0 holds if and only if
Qa’w> = 07 Qd|w> = Oa

which means that a zero energy state must be invariant under all supersym-
metries. Since we also have that P,|w) = 0, we conclude that it must be a
(supersymmetric) ground state.

It should be noted that this is a powerful statement. In particular, it
holds also at the quantum level, thus the exact quantum vacuum of a theory,
if it is supersymmetric, has exactly vanishing energy. This is to be contrasted
with the usual non supersymmetric theories, where the vacuum fluctuations
give a non-zero value to the vacuum energy (recall the discussion on the
harmonic oscillators in the previous chapter).

The third consequence that we are going to derive is that in a supermul-
tiplet, there is an equal amount of bosonic and fermionic degrees of freedom.
Consider the operator (—1)%, which is such that

(=1)" ) = lo), (=1)"wr) = —lwy),

for |wp) a bosonic and |wy) a fermionic state. Obviously, since @ shifts the
spin by %, it changes the statistics, which implies that it satisfies

(D@ =-Q(-1)". (2.28)

For states such that P, is fixed and # 0, we have (the trace is over all
such states in the theory):

1 .
tr (—1)FPO = §5aatr (—1>FO'Z&PH

= iéadtr (—1)F(Qo¢@d + Qan)

_ iéadtr [(—1)7Qu@a — Qa(—1)"Qu]

- idadtr [(=1)"QaQs — (=1)" QuQs]

= 0,

where in the one before the last equality we have used the cyclicity of the
trace.
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Hence, in particular, summing on any finite dimensional representation
with non zero energy
tr (—1)F = 0. (2.29)

This implies that there is an equal number of bosonic and fermionic degrees
of freedom in such a representation, or supermultiplet.

Note that the only states which can be unpaired are the SUSY ground
states, for which Py = 0. Indeed, the most typical case is when there is only
one ground state, which is bosonic.

2.4 Representations of the superalgebra

In this section we work out the representations of the superalgebra, which are
also called supermultiplets. Indeed, they can be thought as multiplets where
we assemble together several different representations of the Lorentz algebra,
since the latter is a subalgebra of the superalgebra. We start with massless
representations, and then proceed to massive ones. On the path, we will make
a short digression concerning supermultiplets of extended superalgebras.

2.4.1 Massless supermultiplets

If P2 = 0, we can take P, to a canonical form by applying boosts and
rotations until it reads
P,=(E,0,0,F).

Then

0 0
n _ 0 3 _
Uadpﬂ_(g +U)E_|:O 2E17

and the SUSY algebra becomes

ooy @t el ew

intended as acting on the states of the multiplet we are looking for.
In particular,

{Qla Ql} = 07
which implies that B
lQ1]w)]I* =0 = [|Qiw)*
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and thus B
Q1|w) = 0= Qj|w).
This means that as operators, Q; = Q; = 0 on this multiplet.
The only nontrivial anticommutation relation that is left is:

{Q2,Q;} =4E. (2.31)

If we call

2\/—Q2; 2\/—Q27

then the anticommutation relations take the normalized form

{oz,oﬂ} =1,

with of course {o, a} = 0.
We can build the representation starting from a state |\) such that

alA) = 0.
Suppose it has helicity A:
M| X) = J51A) = A|A).
Then we can compute the helicity of af|\):
Mi@s|A) = (Q: Mz + 5Q5)[A) = (A + 3)Qs[N),

where we have used [Mi,, Q] = %Q2 Thus we learn that

alA) = A+ 1)
It stops here since (a')? = 0 and hence

afA+ 1) =o0.

Massless multiplets are thus composed of one boson and one fermion.
Since physical particles must come in CPT conjugate representations (or,
there are no spin—% one-dimensional representations of the massless little
group of the Lorentz group), one must add the CPT conjugate multiplet
where helicities are flipped.

Let us give some examples:
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e The scalar multiplet is obtained setting A = 0. Then we have
af|o) = |3).

The full multiplet is composed of two states with A = 0 and a doublet
with A = :i:%. These are the degrees of freedom of a complex scalar
and a Weyl (chiral) fermion.

e The wvector multiplet is obtained starting from a A = % state. We get
afl3) = 11).

To this we add the CPT conjugate multiplet, to obtain two pairs of
states, one with A = :I:% and the other with A = £+1. These are the
degrees of freedom of a Weyl fermion and of a massless vector. The
latter is usually interpreted as a gauge boson.

e Another multiplet is obtained starting from \ = %:

Adding the CPT conjugate, one has a pair of bosonic degrees of freedom
with A = 42, which we interpret as the graviton, and a pair of fermionic
degrees of freedom with A = :I:%, which correspond to a massless spin—%
Rarita-Schwinger field, also called the gravitino, since it is the SUSY
partner of the graviton, as we have just showed.

2.4.2 Supermultiplets of extended supersymmetry

Let us very briefly mention that having extended SUSY, the massless super-
multiplets are longer. Take the superalgebra to be:

{Qa, Qi} =200, 10",

where for simplicity we suppose that Z// = 0 on these states. For massless
states, P, = (£,0,0, E') and as before we have that

{Q1,Qf} =0,

which implies the operator equations Q! = 0 and Q{ =0,for I =1,...N,
on these states. The nontrivial relations are:

{Q2,Q3} = 4E6",
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so that we can define .
I

= mQQ

and obtain the canonical anticommutation relations for A/ fermionic oscilla-
tors

oy

{CYI,CY]L]} = 5]].

If we start now from a state |\) of helicity A which satisfies a;|A) = 0, we
build a multiplet as follows:

aflN) = A+,
Q}QH)‘) = A+ D,
ol oy = A+, (2.32)

Note that there are A states with helicity A + %, %/\/' (N — 1) states with
helicity A + 1 and so on, until a single state with helicity \ + %[ (it is totally
antisymmetric in A indices 7).

In total, the supermultiplet is composed of

k=

o

states, half of them bosonic and half of them fermionic (as can be ascertained
by computing Zicv:o(—l)k M) =@1-1N=0).

Interestingly, in this case we can now have self-CPT conjugate multiplets.
Take e.g. N =4 and start from A = —1. Then \ + /\7[ = 1 and the multiplet
spans states of opposite helicities, thus filling complete representations of the
Lorentz group. Indeed, it contains one pair of states with A = +1 (a vector,
i.e. a gauge boson), 4 pairs of states with A = 3 (4 Weyl fermions) and 6
states with A = 0 (6 real scalars, or equivalently 3 complex scalars).

Another example is N' = 8 supersymmetry. Here if we start with A = —2
we end up with A+ %/ = 2. Thus in this case we have the graviton in the self-
CPT conjugate multiplet, corresponding to the pair of states with A = £2.
In addition, we have 8 massless gravitini with A = ig, 28 massless vectors
with A = £1, 56 massless Weyl fermions with A = :I:% and finally 70 real
scalars with A = 0. This is the content of N' = 8 supergravity, which is the
only multiplet of N' = 8 supersymmetry with |[A\| < 2. The latter condition
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is necessary in order to have consistent couplings (higher spin fields cannot
be coupled in a consistent way with gravity and lower spin fields).

From the theoretical perspective, this is a very nice result, because we
have a theory where everything is determined from symmetry alone: the
complete spectrum and (as we will see) all the couplings. Unfortunately, this
theory is also completely unphysical... To mention one problem, it has no
room for fermions in complex representations of the gauge group, which are
on the other hand present in the Standard Model.

2.4.3 DMassive supermultiplets

When P? = M? > 0, by boosts and rotations P, can be put in the following
form
P,=(M,0,0,0).

Then we have

M 0
O'f;dP“:MO'O:[ 0 M}’

so that the superalgebra reads

{Qa, Qa} = 2M by (2.33)

Note that [Mis, Q1] = i(alg)llQl = %Ql, thus it is () that raises the helicity,
in the same way as ()5. We make the redefinition

1 - 1
— T
oy = ——=0i, oy = ,
' \/WQl ' \/WQ1
1 1 -
ap = Q2 ah = —=0Qs, (2.34)

V2M VM

so that we have the canonical anticommutation relations of two fermionic
oscillators:

{Oéa,OéZ} - 5ab; (Z,b: ].,2
If we start with a,|\) = 0, Mis|A) = A|A), then we build the multiplet
as:
oA = A+

alaf|d) = |A+1).
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There are 4 states now (compared to the 2 in the massless case), two bosons
and 2 fermions.
Let us consider again two examples.

e In the case of the massive scalar multiplet, we start from \ = —% and
obtain two states with A\ = 0 and one state with A = % These are
the degrees of freedom of one massive complex scalar and one massive
Weyl fermion. Note that the latter might not be familiar. Indeed, one
cannot write the usual Dirac mass term for a Weyl fermion. Instead,

one can write what is called a Majorana mass term:
L D me*rpai)g + h.c.

We will come back to this later on. Note also that the total number of
degrees of freedom of a massive scalar multiplet is the same as that of
a massless one.

e For a massive vector multiplet, start from A = 0 to obtain 2 states with
A= % and one state with A = 1. To this we add the CPT conjugate
multiplet so that in the end we have one pair with A = +1, two pairs
with \ = i% and 2 states with A = 0. According to the massive little
group, this corresponds to 1 massive vector (with A = +1,0), 1 real
scalar and 1 massive Dirac fermion. Note however that the content in
degrees of freedom is the same as that of one massless vector multiplet
together with one massless scalar multiplet. This is a hint that the
consistent way to treat massive vectors in a supersymmetric field theory
will be through a SUSY version of the Brout-Englert-Higgs mechanism.

We are now done with describing the degrees of freedom in the supermulti-
plets, and we move on to consider the field theories describing them.

The main message to take away from this section is that to every degree
of freedom (i.e. particle) one considers, SUSY gives it (at least) a partner,
i.e. its superpartner. So for instance, for every (chiral) fermion of the SM,
there is a complex scalar with the same quantum numbers (for instance,
gauge charges). The superpartners of the quarks are called squarks, while the
superpartners of the leptons are called sleptons. If the SM particle is itself a
complex scalar, like the Higgs, then its superpartner is a chiral fermion, called
in this case the higgsino. On the other hand, we have seen that the gauge
bosons (massless vectors) also have a chiral fermion superpartner, which is
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called the gaugino. In particular, the superpartners of the gluons, W, Z and
the photon are called gluinos, Wino, Zino and photino. Last but not the
least, in supergravity the superpartner of the graviton is the gravitino, as we
already mentioned. All this might sound a little ridiculous but we all get
used to it eventually...
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Chapter 3

Supersymmetric field theories

In this chapter, we discuss how the supersymmetry algebra is represented on
fields, with the aim of building field theory actions invariant under super-
symmetry. We will use a constructive approach, starting from the variations
of the fields, proceeding to the action for free fields and then introducing
the interactions. We repeat the exercise both for the scalar and the vec-
tor supermultiplet. The hidden goal of the present chapter is, while making
the reader familiar with supersymmetric field theories, to convince her/him
that the present approach has to be replaced by a better formalism where
supersymmetry is manifestly realized.

3.1 The theory for the scalar multiplet

Our aim is to construct field theories which are supersymmetric, i.e. such
that their action is invariant under supersymmetry.

We have seen how supercharges act on single particle states. Our goal
now is to implement how supercharges act on the fields that create those
particles. Since we know that there must be bosonic and fermionic particles,
there will also be bosonic and fermionic fields.

The action of any symmetry generator on a field is usually encoded in a
variation of the field. The relation to the action on a state is as follows. Take
e.g. a U(1) charge:

Qlg) = dlg),

so that |g) is a state of a particle of charge ¢, and Q is a Lie algebra generator.
Then, the field ¢ creating the state |g) must be in a representation of the

37
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group generated by Q. It transforms as
¢ N ¢/ — eiQa¢ — eiqa¢7

where « is the parameter of the transformation. For small a, we can write
the transformation above as a variation:

but = ¢ — ¢ = iQag = iqad,

where we have expanded the exponential at first order. These are the varia-
tions that are usually written in field theory, and which represent the algebra
of symmetries on the fields.

3.1.1 Supersymmetry variations on scalar and fermionic
fields

For supersymmetry, the generators act in the following way in the simplest
case of a massless scalar multiplet:

1
WE
1
ﬁcb

Considering now the CPT complete multiplet, the two |[A = 0) states will be
created by a compex scalar field ¢, while the [A = £1) helicity states will be
created by a fermionic Spin-% field ¢, which is a Weyl spinor.

Clearly, from the relations above, the variation of the scalar ¢ must be
proportional to the spinor v, and vice-versa. We deduce that the parameter
e of the variation must be a Grassmann-odd, spinor variable in order for the
relation to be consistent (i.e. for it to conserve spin and statistics). Also, the
parameter € must have some mass dimension.

Indeed, recall that [P] = M, i.e. the momentum generator has the di-
mension of mass. The fact that (schematically) {Q,Q} = P and Q = Qf
implies that the supercharges have a dimesion given by [Q] = M'/2. So, if
we want to be able to exponentiate the action of the supercharge, by writing
e“?, we see that we should have [eQ)] = M° and hence [¢] = M /2,

Now, the fields have canonical dimensions given by [¢] = M and [¢)] =
M?3/2. Thus, the only possibility we are left with (up to a numerical constant)

Q:A=0) = [A=1)

=3 = [\=0)
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for the variation of the scalar is:

0ed = V2. (3.1)
For the variation of the fermion, we guess the following:
Setbe = iV20" ,840,¢. (3.2)

Let us see if the above variations indeed lead to the SUSY algebra being
realized on the fields ¢ and 1. In order to do this, we need to commute two
variations. First note that in terms of the supercharges, the variations are
written as:

3¢ = i(*Qa + Qat™) 9, (3.3)
where we have written the variation of ¢ but the same relation should be

true for any field. Then, the SUSY algebra dictates that the commutator of
two variations should satisfy:

(61,020 = —[7Qa + Qaft, Qs + QBE§]¢
= (6@ Q) Q0. 20} 6
= —2(e0"&P, — ea0"& P,) ¢

= 2 (ElO'uEQ - 620'#61) 8“¢ (34)
where we recall that the action of the momentum operator on a field is

P,p = —i0,9.

Again, we stress that the above consequence of the SUSY algebra holds for
any field.

We then check whether the variations and (3.2)) do indeed reproduce
the above requirement. On the scalar field we have

[01,02]¢ = 61020 — 62019
= V2605000 — V265011,
= 2Z'€1O'NE28H¢ — 2?:620#618“(25

= 2i(e10"€ — e0"€1) 0,0 (3.5)

'We adopt the following convention for the action of two successive variations. Given
a set of}ﬁellds ¢" transforming as d¢" = R';¢’, we take 612" = Ry ;027 = RlljRékgak =
(R1R2)" Jlias This is consistent with the superspace approach to compute such variations
that we will introduce in the next chapter.
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as it should.

Encouraged by this positive result, let us jump ahead and write already
an action which is invariant under the above variations. In order to do this,
we have however to first recall how to write an action for Weyl fermions.

Take a Dirac spinor to be

Its Lagrangian density is

Recall now that

w0 )9 g = 0)

Then the Lagrangian density can be rewritten

Ez—i(x 15)[ 0 UOM}(gﬁg):—z’xa“ﬁux—wa“@uw.

ol

We will thus take B
Lyey1 = —11p0"0,9). (3.6)
Note also that

S =— / d*z inha" 0,0 = / d*z i, hot ) = — / d*z ot 0,0,
where the middle equality follows from the identity 1a#x = —yo*e and the

last equality is obtained integrating by parts. As for the reality of the action,
it follows from:

S* = / d*zi0,pa" ) = — / d*z inha" 0,0 = S.
Again, in the middle equality one integrates by parts.

We can now write the action of a complex scalar together with a Weyl
fermion, both massless:

Stot = / d*z (0,00"¢* — 5" d,1)) . (3.7)
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Taking its SUSY variation gives:
§Sior = / d*z (8,000"9" + 0,00"5¢™ — 16" D, — ih5"D,01)) .
Now, recall that the variations of the complex conjugate fields read
Sbe = —iV/2e%0™ 9,0, 50" = V2.

The variation is again

dStor = \/§/d4x (€0, 90" 9" + 0,p0" e — 0”54 0,1p 0, " + 15" 0" €D, 0, 0) .
Integrating by parts the first three terms gives

850t = V2 / d'v (—€0,0"¢" — 1ed, 0" + 0" 5"100,0,¢" + V5"0"€0,0,9) .

Now we notice that

510" 9,0,6 = %(5%” +670")0,0,0 = 1" 0,0,0 = 0,0"0.

Hence

0Siot = \/§/d4x (—egb@,ﬂ“(ﬁ* — @E@,ﬁ‘% + 0,0 " + QZE(?M(?"QS)
= 0.
The action is thus invariant under the SUSY variations.
This is all reassuring. There is however a subtlety: Let us go back one

step and verify that the SUSY algebra is satisfied also on the field ). We
know we should have

[51, (52]17Da = 2’& (ElO"uEQ — EQO"“El) a,uwa'
Using now the variations, we have

[61,02]Ya = 010290 — G201%0
= V20" €80,050 — iV 20", €30,0,6

= 2i05d€?e§3uw5 - QiUZaEgﬁfauwﬁ
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This is not quite close to what we want, because v is not carrying the right
index on the r.h.s. (we would like to have expressions like ef anggwa, ie.
with no sum on the index carried by ). A way to rearrange the sums over
the spinorial indices is through Fierz identities.

The essence of the Fierz rearrangements is the following. Note first that

Y3x® is a 2 x 2 matrix. It can be expanded as
P = e,

where v, will have an expression in terms of the two fermions:
vy, X Xo‘auad@/;d.

The only thing that is left to determine is the constant of proportionality.
We do this e.g. by specializing to a particular component:

inXl _ axo‘duaa@@%”h (5011 _ 5311 _ 1)
= ax"V*(00ad + 030a) (i =)
= ax"¢Y* (0o + T3aa)
= 2ax'y!
so that we fix a = —%. Hence, the relevant Fierz identity reads
70« 1 B _B—,uda
Py = —3X T A (3.8)

The interesting outcome of this manipulation is of course that the free indices
formerly carried by the spinors are now carried by the ¢ matrix.
We can thus continue with the evaluation of the variation:

[61, 52]wa = —Z'O'ZdEQO'ygla'Udﬁa”wﬂ + iUZd€1UV¢§25’Vdﬁa“w5
= i(€10,6 — 620,,61)05&5”@58”%
= (10,8 — €20,6) (20" 6P — 0, 5"P)0,1bs

= 2i(e10"& — €20"€)0 0 — i(€10,6 — 620V61)02d5“dﬁﬁuz/15.

We thus obtain what we wanted, up to an extra term which however vanishes
whenever the equations of motion of 1 are satisfied (indeed, the latter read
"0, = 0), i.e. on-shell. This is not completely satisfying, because we
would like to be able to close the SUSY algebra off-shell, that is even if the
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equations of motion are not satisfied. One motivation for that is for instance
to be able to do quantum field theory at a later stage (where virtual particles
are usually not on-shell).

A way out in order to be able to do so, is to introduce auziliary fields in
addition to the physical fields ¢ and .

3.1.2 Introducing auxiliary fields

If we are to realize the SUSY algebra off-shell, we should balance the degrees
of freedom off-shell, i.e. the number of components of the fields. Since we
have 2 components from the complex ¢ and 4 components from the Weyl
spinor 1), we see that we need an additional 2 bosonic components.

We thus add another complex scalar f, of mass dimension two [f] = M?,
and modify the variation of ¢) to account for an extra term:

0o = iV 20" 80,0 + V2e0 f. (3.9)
Of course we also have to write a variation for f:
Of = iV/2E,5"0, 4. (3.10)

Note that it is proportional to the equations of motion of v, i.e. it vanishes
on-shell.

Then we can again verify the SUSY algebra on all fields. First we re-check
it on ¢, since we have an additional piece in :

01,020 = V2e} 02100 — V26501900
= -+ 2efeanf — 2e5€10f
= ...+ ()’

that is the we get what we already had. For 1, we now have:

[01,02)Ya = 01020 — 620194
= .-+ \/§€1a52f - \/§E2a51f

= -+ QielaE2d6“d68H¢5 - 2i€2a€1d5“dﬁaulpg.

We now use again a Fierz identity, which reads:

N
Yaa = 500, %00
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Going on, and putting together with the previous result, we get:
[01,00]t0 = 2i(e10"E — €20"€)0u 10 — i(€10,€ — 620V€1)02d5udﬁau¢ﬁ
—iega,,ElaZd6”a6(9H¢5 + ielal,@agdé“aﬁang
= 2i(610“62 — @U“éﬁ@uwa.

Now the SUSY algebra is realized on ¢ off-shell.
As a last step, we close the SUSY algebra also on the new field f:

[01,02]f = 016af — G201 f

= V261400, 000 — IV 282451 0,01100

= —26140"°0" 650,0,0 + 2i€140" €200, f
+2€2d5'“da0';3€'fauay¢ - 2i€2d5“da€1af)“f

= —2660,0") + 2ie10" €20, f
+2€2€10M8M¢ - 22%25“618uf

= 2i(e10"€ — €20"€)0, f,

as desired (recall that yo#y = —ory).

Thus we have a set of fields ¢, ), f with variations which represent the
SUSY algebra off-shell. As we already mentioned, the two complex scalars
have a total of 4 off-shell real degrees of freedom, while one Weyl fermion also
has two complex components and thus 4 off-shell real degrees of freedom.
However on-shell the degrees of freedom of the Weyl fermion reduce to 2
(because the equations of motion are of first order), while the ones of the
scalars, if they are dynamical, usually stay the same number. We conclude
that the scalar f must have no dynamics.

Indeed, consider the variation of the action with the new term in

51bo (and recall that 6tbg = - - - ++/2€5f*). Given that without the additional
term the variation was zero, we get:

0S5kt = — / d*z V/2i (f*E(?“a,ﬂﬁ + l/jﬁ“eauf)
= — / d'z V2i (f*e" 0,0 — Oabatef) .
Since §f = iﬁé&“f)u@b, and § f* = —Z\/ﬁ@,ﬂﬁ&"e, if we set:

Saux = /d4l'f*f,
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we have
5 = / dhx (f*5f + 517 )
— / d*zV2i (f*é" 0,1 — 0abaef)
so that
5Stot + 5Saux - 07
1.e.
Sta = Suw + S = [ @ (0,00°6" ~ 000+ £1). (311)

is invariant under SUSY variations.
Clearly, the equations of motion for f are

f=0=f,

so there are no propagating degrees of freedom for f. This is a confirmation
that it is indeed an auxiliary field.

The above is the simplest SUSY field theory, of a massless free scalar and
a massless free Weyl fermion. As such, it is rather empty. We would now
like to introduce possibly mass terms, and most of all interactions.

3.1.3 Supersymmetric mass terms

It is easy to notice that it is not completely straightforward to introduce
mass terms in a supersymmetric action. Consider the usual mass term for a
complex scalar:

It variation reads:
0L = —V2|m|*(¢* e + ).

On the other hand, for a Weyl fermion the (Majorana) mass term is:

1 1 YN
Lo = G+ Zm* G
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so that the variation of the corresponding term in the action is:

) / d'z Ly = /d4x (MY*61he + m*51pa1)®)
- /d4x \/ﬁ(im@/)cr“é@ugb +mapef — im*eo“l/_}aucb* +m* fre)
_ / e V2(myef + m*freh — imdapoted +im* et ,)

It is obvious that the above variation cannot be compensated off-shell by
0L,s. However it is also rather easy to see that it is compensated by the
variation of

‘Cmbos = _m¢f - m*f*¢*

We can thus write a tentative Lagrangian for the mass terms:

Lo = s = mf + S5 —m 5, (312)

§/d4x£m:0.

In order to see that it is indeed a mass term for the bosons, let us consider
the full bosonic Lagrangian:

Loos = 049" 0"+ [f* —mef —m*f*¢".

Imposing the equations of motion for the auxiliary fields f (i.e. “integrating
them out”), we obtain:

which satisfies

5£bos  px -
5F ffr—mo=0.
This implies
[T =mg, f=m"¢",

so that the bosonic Lagrangian becomes
Lios|f = 0,970 — |m|2¢¢*a

indeed the Lagrangian of a massive scalar.
In other words, we have computed the potential for the scalar:

V(9,0") = Im|*¢¢" = ff".

Note that supersymmetry imposes the mass degeneracy between the fermions
and the bosons also at the level of the action, of course.
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3.1.4 Supersymmetric interactions

Let us now consider the addition of interactions. We have many options, but
it is here that we expect to find new constraints from supersymmetry.

Consider interaction terms of dimension 3 or 4 (i.e. we consider renor-
malizable interactions). For interaction terms involving the fermions, the
only option is to have a Yukawa-like interaction involving two fermions and
a scalar, schematically ¢u). For interactions among bosons only, we have at
dimension 3 only a term trilinear in the scalars ¢, while at dimension 4 we
have two options, f¢? and ¢*.

Now, the only interaction term at dimension 3 cannot be supersymmetric
by itself (off shell), and hence cannot be present in a SUSY Lagrangian. We
are left with the dimension 4 terms, and the only hope is to play the ones with
the fermions against the bosonic ones. Again, the ¢* is not promising since
it variates to ¢3er), with no derivatives, which will not be cancelled by any
term from d¢1p. Hence it turns out that the only possibility is to play ¢y
against f¢? (where now we intend precisely the holomorphic fields, while the
preceding discussion is valid also for terms mixing complex conjugates).

Consider the following variation:

J(pv™ha) = V2{PattPs + 200° (i0h 80,0 + eaf) }
= 2V2(igpo"€0,p + drbef).

Indeed, note that 1,1?1s = 0 because in every term of the sum we will
have 1), or ¢, appearing twice, and (11)? = 0 = (1)2)? by Grassmann parity.
Notice also that a similar term trilinear in the fermions would not vanish if
we computed the variation §(¢*1)*1),). This is what constrains us to consider
only the purely holomorphic interaction term.

Take then:

) / diz f¢? = V2 / d'x (iea" 9, d* + 2f per))
= \/§/d4x(—2iea“wgbﬁu¢+2f¢e¢))
= 2V2 / d*z (" epd,d + foe).

We have thus constructed the Lagrangian interaction terms:

Ling = ApPtp — )\f¢2 + h.c., (313)
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where A is the coupling. They satisfy
(5/d41' ‘Cint =0.

An important fact is the following. The above variation vanishes without
mixing between the holomorphic fields ¢, 1) and f and the anti-holomorphic
ones ¢*, 1) and f*. This was actually also true for the mass terms in £,,. As
we will see in the next chapter, this fact has a deep reason.

We are now ready to sum up all the pieces together, and we write the com-
plete supersymmetric Lagrangian for a massive complex scalar and massive
Weyl fermion in interaction:

£$F=uWﬁ%—Mﬁﬁ@+fﬁ+(%MW—mmf+NWW—Aﬂf+hc>
(3.14)

As before, we integrate out the auxiliary fields by imposing their algebraic
(non-dynamical) equations of motion:

0Ly
of

After substitution, we obtain:

= [* —mo — >

Lyl pon-shen = 0,0"0"d — ip5",1p + (%m¢¢ + Aoy + h.c)
—[ml*[¢]* = IAPo]* — (m*A¢"¢* + h.c.). (3.15)

We recognize a Yukawa term ¢t with coupling A, and a quartic interaction
for the scalar |¢|* with coupling |A|?. In other words, as anticipated in the first
chapter, there are relations among the couplings such as Aquartic = |Ayukawa |-
There are also couplings which are strictly set to zero, such as ¢*i1p and ¢3.

We will see in the next chapter that there is a much simpler and natural
way to encode all these facts.

3.2 The theory for the vector multiplet

Let us now briefly consider the supersymmetric field theory of the massless
vector multiplet, which is obviously relevant to supersymmetric gauge theo-
ries. In this simple approach, we should already warn the reader that gauge
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symmetry might mix non-trivially, in the sense that sometimes results will
be obtained up to gauge transformations. Indeed, gauge invariance is an
important element in the counting of degrees of freedom, and SUSY is all
about matching exactly degrees of freedom.

Since

LA 1
we will have in the field content a spin 1 vector gauge field A, and a Weyl
fermion conventionally denoted as A,. It turns out that we will need, as for
the scalar multiplet, an auxiliary field D, which is here a real scalar. The
SUSY transformations are as follows:

SAF = —i\gte+ ieat ), (3.16)
o = —0" . esF,, +ie,D, (3.17)
Na = e50"4F,, —ieaD, (3.18)
6D = —eot9 )\ — J\o"E. (3.19)

One can then start checking that the above SUSY transformations indeed
represent the SUSY algebra on all fields. For instance:
[51, 52]AN - 61(5214“ - (5251A'u
= —2'525\5"“61 + iélé“ég)\ + i51/_\5“62 — 2.625'“51)\
== —iEg&’”&“eleg — EQ@'“GLD — igla'uUpJGQFpg - 615“62D
+i€15p05H62FpU + 61(7”62D + iggﬁuO'pUEleU + EQ@'MQD
= i€ (07" — 0" )esF,, —i€a(a77 " — 10”7 )e1 Fp.
Now we use the identity
oot — gFaP? = _nﬂpaﬁ + nﬂaa-l)
so that we get:
[(51, 52]14“ == —22'61(7,,62F“” + 27;5251,6117“”
= 2i(€20’,,€1 — €1O'V€2)FHV
= 2@(610'1/!?2 — 620’”61)81/14“ + o [2’i(€20V€1 — 610',,52)14”] .

The first term in the result is what we indeed expect for a realization of the
SUSY algebra on A,. The second term is an extra, but not worrysome, since
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it takes the form of a gauge transformation on the vector field A,. Since A,
is defined up to gauge transformations, we see that upon modding out by
this gauge freedom the superalgebra indeed closes on the vector field.

If we count on-shell degrees of freedom, we know that we have 2 for A4,,, 2
for A and 0 for D since the latter has [D] = M? and hence has no dynamics.
However, we are aiming here at balancing the degrees of freedom also off-
shell, and the counting goes as follows. The are 4 d.o.f. for A, 1 for D (recall
that it is real), and hence we are left with 3 for A,,. We can understand this
number by the fact that as shown above, it is really on equivalence classes
under the gauge transformations that the superalgebra closes. Off-shell, one
such equivalence class is specified by the choice of the 4 components of A,
up to a transformation involving one scalar function A, — A, + d,«, which
makes the 3 independent components that we were seeking.

We will later see that there is a formalism where we do not need to go
through these subtleties, the price to pay being the introduction of additional
non-physical degrees of freedom.

Let us now skip the other (rather tedious) commutators of SUSY varia-
tions, and proceed to check the invariance of the action:

1 - 1
S = / d'z (—ZF“”FW — NGO + 5D?) : (3.20)
Under a SUSY transformation we have:
0S = /d4w (—F‘“’@M(SA,, - i(SX&“(?M)\ - z’j\&“@,ﬁ)\ + D5D)

= / d*z (iF" 9,76, — iF"es,0,\ — i€6" 5" O \F e — €610, AD
+1 X&“Upaeaqug + X&“e@MD - Dea“@uj\ - Dau)\a“E)

= / d'z (iF" 0,05,€ — iF"™€5,0,\ + i€6" 6" A0, F oy + O, A0"€D
+1 5\5’“0’2068qu0 + eo“@,}D - Dea’“‘@,}\ — D@u)\a"é) )

The terms containing D simplify, while for the others one has to use the
following identity: B B
Aot'o?? €0, F, = \o"ed"' ),

and its complex conjugate

€675 N, Fy = —EG"NOME,
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where in deriving them we have used for instance that 9y, F),s = 0.
Eventually we get:

58 = / d*z (iF" 0,\6,€ — iF"€5,0,\ — iec" NO"F),, + iAG"€0"F,,) = 0,

so that the action is invariant up to a boundary term as usual. We have thus
shown that the action is the correct one for the supersymmetrization
of the action of an abelian (free) vector field.

It is important to note that promoting the above discussion to a vector
field taking values in a non-abelian gauge group is non-trivial. This is to be
expected since by doing so one is actually introducing interactions and we
have seen that interactions must be introduced delicately in a supersymmetric
field theory. In particular, all the members of the vector multiplet A, A and
D must belong to the adjoint representation of the gauge group, which means
that they transform non-trivially under gauge transformations, e.g.

dgaugeA = 1g[A, 0]

and hence in turn they couple non-trivially with the gauge boson.

However, we will not pursue the construction of a non-abelian gauge
theory along the lines discussed in the present chapter. Indeed, it should
be by now obvious that building SUSY field theories in this way is rather
painful: one has to check first that the SUSY algebra is realized on every
field, and then check that the action that one has guessed is also invariant
under SUSY transformations. This is not the way that one builds Lorentz
invariant actions for instance! Rather, we use a formulation that is manifestly
Lorentz covariant. It is then clear that we need an organizing principle also
for supersymmetry. This will be the subject of the next chapter.
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Chapter 4

Superspace and superfields

The aim of this chapter is to present a formulation of supersymmetric field
theories which is manifestly supersymmetric. The key in achieving this is
to see supersymmetric variations as the result of generalized translations in
superspace, which is an extension of ordinary spacetime by Grassmannian
(i.e. “fermionic”) coordinates. Then, the various fields which are mapped to
each other through supersymmetric variations are assembled together into
superfields, which depend on all the coordinates of superspace. It is in terms
of the superfields that we are able to write manifestly SUSY invariant actions.
It will also turn out that we need to constrain the most general superfield,
in two different ways, in order to reproduce the field content of the theories
for both the scalar and the vector multiplet, respectively.

4.1 Introducing superspace and superfields

In the previous chapter, we have constructed supersymmetric field theories
by enforcing that they be invariant under supersymmetry transformations,
that we had defined as acting on the fields. This approach is quite laborious,
and we would thus like to formulate SUSY field theories in a way that SUSY
is a manifest symmetry, so that we could avoid to have to check invariance
under it at every step in the construction.

Let us have a brief interlude to illustrate a similar need for manifest
invariance in the presumably familiar example of Lorentz symmetry.

The vacuum Maxwell equations

V-E=0, VxB=-0,E, VxE=0B, V-B=0

93
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are invariant under (infinitesimal) boosts

3

02° = wad, o3 = wa’

provided the electric and magnetic fields also transform as
6E1 = U.)BQ, 6E2 = —U.)Bl, 531 = —(.UEQ, 532 = OJEl.

The Lorentz transformation mixes F; and B;, so that an invariant term,
suitable to appear in the action, is

E?2 — B2

where the sign is of course crucial for invariance.
All of this is made trivial using Lorentz covariant objects. The electric
and magnetic fields are assembled in one field strength F),, such that

Fy = E; Fij = EijkBk
and the Lorentz transformation of F),, reads
O0F,, = Fw’, — F,,w’,.

The Lagrangian is then trivially proportional to the only quadratic Lorentz
scalar one can build from F),,:

Lo F'F,,.

Our aim is to pursue a similar route as far as supersymmetry is concerned.
First of all, we should ask ourselves what kind of spacetime symmetry is
closest to supersymmetry. From the SUSY algebra

{Qon Qd} = QUZdPW (41)

it is obvious: the translations, which are generated by P,.
The action of a translation xz# — x* + a* on a field ¢(x) yields the
following variation:

dp(x) = ia"P,p(x) = a"0,¢(z). (4.2)

This can be seen as the limit of small a* of a finite translation which, at the
operator level, reads ¢(x + a) = €' Pug(z)e"Fu
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This is well-known, but it is important here to adopt a point of view which
is to look at a specific fixed spacetime point z. At that point, we see that
a translation maps one field ¢, to another field J,¢, in a different Lorentz
representation, but of the same Grassmann G-parity. This is because the
parameter of the translation is a, a Grassmann even (bosonic) quantity, as
the coordinates of spacetime z* are.

Now, supersymmetry maps instead G-even fields ¢ to G-odd fields ¢ (at
the same spacetime point of course), and the SUSY parameter € (or €) is G-
odd. It is tempting to interpret €, as parametrizing a translation in a G-odd
coordinate 6,. Spacetime is thus extended to superspace parametrized by

2,0, 0.

The Grassmann coordinates being complex, the full superspace is indeed
parametrized also by their complex conjugates (just as R? = C is parametrized
by z and Z).

In the same way as we expand a spacetime field in its derivatives

o) = H(0) + 0,6(0) + ...

we expand a superfield both in z* and in 6,0. However the coefficients in
this expansion really are different spacetime fields, with alternate G-parity:

O(x,0,0) = ¢(x) + 0o () + . ..

A crucial and important difference is that since 6,6 are anticommuting, the
expansion is finite: (6;)? = 0 and similarly for the other Grassmann coordi-
nates. The expansion stops when we have all four of them: 6,6,6,0,.

The most general superfield is thus:

Y(2,0,0) = 6(x) + Onx) +0x(x) + 0*m() + 0*n(a)
+00"0A,,(z) + 0°0N(z) + 000 () + 0°0%d(z).  (4.3)
We have defined:
02 = 0%, = e(w&g@a = 205601 = —20,0,,
92 = é,jﬂ_d = GQBG_QQ_B = 2516_2. (44)
Note also that

1
0,05 = ~€ash?, 0°07 = e,

_ 1 _ L 1 ..-
6.0, = —5%92, 640° = Eeaﬂeﬂ, (4.5)
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and recall that

I T
0,06 = 590“«905@. (4.6)

The superfield Y is composed of 4 complex scalars ¢, m,n and d, 1 com-
plex vector A, and 4 Weyl fermions 7,1,y and A. In total we have 16
bosonic degrees of freedom and 16 fermionic degrees of freedom. These are
all off-shell degrees of freedom.

Clearly, a generic superfield such as the one above forms a representa-
tion of the SUSY algebra (indeed, we have a balance between bosonic and
fermionic degrees of freedom), but it must be reducible, since we have already
encountered much smaller representations. Recall that the scalar multiplet
had 4 + 4 off-shell degrees of freedom, and the vector multiplet also had 4 +4
off-shell (but gauge fixed) degrees of freedom. We will see shortly how to
reduce consistently the number of components in a superfield. However we
have first to see how it represents the SUSY algebra.

4.1.1 Supersymmetry transformations as translations
in superspace

We have established supersymmetry transformations as translations in the
0,6 coordinates of superspace. However, if they did just that two SUSY
transformations would anticommute to nothing. Instead they must anticom-
mute to a spacetime translation.

Recall that

{Qom Qd} = QUZdPM
implies that (see e.g. (3.4])

[i((61Q + Q1) i(2Q + Q&)] = —2(e10"E — e20"E) P,
= ia"PM.

Thus the commutator of two translations
0 —0+e¢,0—0+¢ and 0 —0+e, 0—0+6,
is a spacetime translation

ot — ot + 2@(610”52 — 620’“61).
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As a consequence, a translation in # must also be accompanied by some trans-
formation on z*. It turns out that a full supertranslation is the following:

0 — 0 +e, 0—0+¢
o — ot + i0o"E — ieatd. (4.7)

This is actually the most symmetrical definition, other definitions are possible
and may be useful in some special cases. In these notes we will stick to the
definition above.

It is easy to check indeed using the above that

[(51, 52].1'“ = 22(610'“62 — 620'“51)

as required.

We now wish to implement SUSY translations on superfields in the same
way as we are used to implement spacetime translations on ordinary fields,
that is through the operator P, = —i0,.

Clearly, restricting to the operator that is multiplied by the parameter
€, in order to implement at the same time 6§ — 6 + € and a* — z* — iec™0,
the operator will involve a “derivative” with respect to # and a term like
—ic”00), (recall that z# — z# + a* is represented by a*d),).

We must then first define derivatives with respect to G-odd variables. We
require:

a%aeﬁ =0,0° =67 and %eﬁ = 9,0° = 67, (4.8)

where we have defined our shorthands. Notice this implies
00 = —0g and 5‘5‘6_3 = —5;-".

As usual with Grassmann variables, we must anticommute the variable to the
left of the monomial before acting on it with the derivative. (Alternatively,
passing through the monomial we must anticommute the derivative.) Under
hermitian conjugation we have

N0
96°) ~ 965

Indeed, under complexr conjugation we have that

0:8° = 60 = (3)" = (0u8")" = 8°(0n)" = —(00)"0"
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so that (9,)* = —0,. Hermitian conjugation implies an extra — sign as for
Oy

We can then define the differential operators generating the supersym-
metry transformations as

Qo = —i0y — 0"1,0%0,,
Qs =04 + 0%0",0,. (4.9)
It is easily checked that
(Qa)t = i0! — (éd)*(agd)fa; =004 — 0%0" . (—0,) = Qs
We can also check that we correctly obtain
St = ie“Qqrt = —iecd,
St = iQu%H = ifotE.
Most importantly, the supersymmetry algebra is correctly represented:
{Qa: Qa} = —i0}30, — i04,0, = —2i0},;0, = 20}, P,

Thus, a general SUSY transformation on a superfield Y will be obtained by
acting with the operators ) and ) on Y:

S = i(eQ+eQ)Y
= [€"0, — 0" + (00" — €0"0)0,] Y (2,0,0). (4.10)
It is obvious that JY" is also a superfield (just because it is a function
of ,0 and 0), thus it can be decomposed in components, and one can then
read the variations component by component. Since the action of () and @
implies derivatives and multiplication with respect to 6,60, the bosonic and

fermionic components are mixed under the variation.
If we start from ({4.3))

Y =¢+0n+0x +6°m+ 0°n+ 05"0A, + 00X\ + 0°0¢ + 6°6°d,
we obtain for the variation
Y = en+20em+ ea"0A, + 200\ + %y + 20%0ed
+EX + 20en + 0o"eA, + 02EX + 200y + 20*0ed
+i00"€0,p — ieat 00, + . ..
00 EB200, — e G000, .
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Thus we learn that the variations of the components are for instance

0p = en+ex

om = 10"€d, ¢ + 2em + o''€A,

ox = —iec0,¢ + 2en+ecA,

o0d = %ea“@u;\ — %8M77ZJO'HE, (4.11)

where we have used, e.g.

0%t e0°0,5 = — 30?000t € = 1070, potE.

4.1.2 Manifestly supersymmetry invariant action

We now revert to the original goal, that is to write a manifestly SUSY in-
variant action.

Consider again for the sake of the example the Poincaré symmetry. An
action which is invariant under Lorentz transformations and translations is

5= [ dcio)

with £ a Lorentz scalar function of the fields ¢, and no explicit dependence
on the spacetime coordinates x*.

Translations then generate a total derivative. Under z# — x* + a*, the
action varies as

0SS = /d4x5£ = /d%a“@ME = /d%@u(a“ﬁ).

Total derivatives do not affect the action principle, and thus the equations
of motion, since they are boundary terms fixed by the boundary conditions
one imposes on the fields. Hence the theory defined by S is invariant under
translations.

Alternatively, we can obtain the same result in a slightly different (pas-
sive) way. Since there is no explicit z* dependence in £, translations can be
reabsorbed by the integration:

55 — / 2 (L + a)) — L($(x))] = / DL(B(x +a)) — / 'L((x))
_ / I/ L(o()) — / Pal((x)) = 0.
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In order to write [ d*(2’ —a) = [ d*a’ of course we also need to fix boundary
conditions on ¢.

We can now make the most natural guess for an action invariant under
SUSY translations: we have to integrate over all of superspace

Soc/d4x/d20/d2§(...).

Before continuing, we need therefore to give our definition of integrals over
G-odd variables.

Let us consider first a single Grassmann variable 6 (like, e.g., a single
component ¢y of 6,). The most general function of 6 is

F(0) =a+b0

since there cannot be terms like 6% or higher. Then we define in the most
general way

/d@(a +b0) = 0.
Indeed, such a definition gives a translational invariant integral:

/de(9+e) :/dﬁ(a—i—bQ—i—be) =0b  since /dQe:O.

We now define the integrals over [ d?¢ and [ d?6 in such a way that:
/d2992 =1, /d2902 =1. (4.12)
Since 6% = 20,0, and 6% = 20,0,, we have

and also, eventually:
/ d*0d*00%*0* = 1. (4.14)

As a consequence, integrating a superfield over all of superspace will single
out its highest component, which we called d before:

/ d*0d*0Y(x,0,0) = d(x). (4.15)
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Here Y has to be considered more generally as a composite superfield, i.e.
the result of a product of two (or possibly more) “elementary superfields”.
It is obvious that a product of superfields is still a superfield, and all its
components, though being themselves composite, will still be related by the
same supersymmetry transformations as given above.

Indeed, we have seen that the SUSY variation of d is a total derivative

od = %ea“@l}\ — %ONwU“E =0, (%ea”/_\ — %wa”€> ,
so that if the Lagrangian is just given by d,

L=d =  L=0n"

and the action is invariant. In other words, we have shown that an action
written as

S = / d*xd*0d*0Y, (4.16)

with ) a scalar superfield (generically composite), is automatically invariant
under supersymmetry transformations. This is what we refer to as manifest
supersymmetry invariance.

As a last remark, note that here too there cannot be explicit # dependence.
Indeed, 6, by itself is rather obviously not a superfield.

In order to write now sensible supersymmetric actions, we need to impose
conditions on the generic superfield Y in such a way that it will eventually
describe irreducible representations of the SUSY algebra.

4.2 Chiral superfields

The condition that we want to impose on a generic superfield must (anti)com-
mute with the supercharges so that the constrained superfield is indeed
mapped to itself by a SUSY transformation. In other words, the components
which are projected out should not be re-generated by SUSY transformations.

One approach is to look for subsets of components of a general superfield
Y that do not mix with each other when taking the variation 6Y. Concretely,
one imposes a constraint on the superfield and then verifies that the variation
of the superfield satisfies the same constraint. The outcome is as follows.
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It turns out that it is convenient to introduce the following two operators:

D4 = 04 +i0%0",,0,, (4.17)

which satisfy (Dy)! = Ds.
The two operators above look very similar to (), and @4, except for a

relative sign. It is because of this relative sign that they actually anticommute
with @, and Q4. Indeed

{DonQﬁ} =0= {DQ,QB},

{Da, Qo) = 0a(6°5%,0,) + z'éd(mggéﬁ'au) = 0”8, —0".0, =0,

and similarly
{Da; Qat = 0.

Moreover, among themselves these operators anticommute to
{D,,Dp} =0= {Da,DB},

{D,, D4} = 2ic",,0,.

Since D, anticommutes with the supercharges, it can be used to write a
condition that reduces the components of a general superfield. Indeed, if Y
is such that D,Y = 0, then also 0Y satisfies

D,0Y = D,[i(eQ + Qe)Y] = i(eQ + Q) DY = 0.

This means that the components that are eliminated with the constraint
D.,Y = 0 are not regenerated by a SUSY variation. The same can obviously
be said of DY = 0.

We therefore define

e Chiral superfields
Ds® =0 (4.18)

e Anti-chiral superfields
Do® = 0. (4.19)
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The names reflect the following facts. First note that
Ds0° = 0.
Another quantity that is annihilated by D, is
Dg(a" +ifa"0) = —if*a", +i0%a", = 0.

Thus, if we call B
y" = at +i00"0, (4.20)

a chiral superfield only depends on 6 and y:
Da® =0 & O = P(y,0). (4.21)

It is called chiral, or (equivalently) holomorphic, in the same sense as for a
holomorphic function of z we have that

0
= & =i
In components, we write:

O(y.0) = y) + V200 (y) +6°f(y) (4.22)
= ¢(z) + i00"00,¢(z) — 305"605"00,0,¢(x)

V200 () + V2001000, (x) + 0% f(x).

Recalling some identities like 707 = —1¢*7, 6408 = %e‘w , 60‘566‘50’; 5= ghaa

and (0¥ + 0"o"),” = 200§, we have that
00*000"00,0,¢ = 16°6°0,0"

and B B
0”000, = %0205”8%&.

Thus eventually, the chiral superfield in components reads
_ 1 .-
P(y,0) = o(x)+i00"00,0(x) — 102«928#3‘%@)

+V200 () + EQ%“@W(@") + 0% f(x). (4.23)
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We will not really often need the higher components, usually the component
fields in terms of the shifted variable y are enough.

Let us now compute a SUSY variation of ® and translate it to its com-
ponents, as we did before for the general superfield Y (x,6,0). It is simplest
to first recall that SUSY transformations are supertranslations:

50° = i(eQ + €Q)0* = €,
Syt = i(eQ + €Q)y" = " + i000"0 + 0ot 50

= 0o"€ — ico”0 + ot € + ieo”O = 2ifotE.
Hence, we have
5D = ,6(y)5y" + VIIO(y) + V200,10 (y)5y" + 2000 f(y) + 60, F ()59

where we have used that 6 F'(y) = 0, F (y)dy". The last term vanishes because
it is cubic in §. We thus obtain:

0b = 2i00"€d,(y) + V2eh(y) + 2V2i00" €00, (y) + 20¢ f (y)
— V2e(y) + V26 (iﬂaﬂeauqs(y) /2 f(y)) + 6 (iﬁg&uaw(y)) .

Correctly, we find an expression that depends only on # and y, so that 0P
is a chiral superfield, D;0® = 0. We can now read the variations of each
component:

S = V2,
S = V200, p(y) + V2ef, (4.24)
of = iV2e5"9,p.

These are exactly the variations that we had postulated for the scalar (Wess-

Zumino) model, see (3.1]), (3.9) and (3.10).

4.2.1 Action for a chiral superfield

We have bundled together in a superfield the (off-shell) degrees of freedom of
the scalar multiplet that we had discussed in the previous chapter. We have
also checked that the suspersymmetry transformations are correctly repro-
duced, as expected for a manifestly SUSY formulation of the theory. What
we are still missing is a way to write the action in terms of the superfields,
so as to reproduce the action for the scalar supermultiplet theory.
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Recall that an action is the spacetime integral of a Lagrangian

Sz/d%ﬁ

where £ is a real scalar, and in a manifestly SUSY formulation it must be
the highest component of a general superfield, i.e. the coefficient of #2672,

Now, we expect the lowest terms in the action to be quadratic in the
fields. Since the superfield ® is linear in its component fields, we should thus
look for an expression quadratic in ®. Moreover, if we want the expression
to be real, it should also involve the complex conjugate of ®, that is & = ®F.
It is an antichiral superfield, since Ds® = 0 implies

D, =0.
Hence it has an expansion given by
= ¢*(§) + V200 (7) + 2 F* (7)), where g = (y")* = 2" — ifotd.

Let us think one moment of dimensional analysis in order to write the
action. Of course, we require [£] = M* so that the action is dimensionless (we
are using units where i = 1). From the (free) action (3.11]), we gather that the
component fields have the usual canonical dimensions [¢p] = M, [¢)] = M>/?
and [f] = M?. At the beginning of Chapter 3 we also derived that the SUSY
parameter should have dimension [¢] = M~Y2. Then, this must be the
dimension of the Grassmann coordinates of superspace, [#] = M~'/2. Thus,
every term in the expansion of a chiral superfield has the same dimension,
and the dimension of the superfield itself is given by

@] = M.

However, recall that in order to write a Lagrangian density in a manifestly
SUSY invariant way, i.e. in terms of superfields, we need to integrate over
superspace

L= / d*0d*0Y. (4.25)

Notice that [ dff =1 implies that the Grassmann differential has the oppo-
site dimension with respect to the coordinate

[d6] = (0] = M2,
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so that the measure over all of superspace has dimension
[d?0d?0) = M*.
Given , this implies that
(L] = M* & Y] = M.

Collecting all the constraints derived from the above discussion, we learn
that the action must be expressed in terms of a superfield Y which has
dimension two, is quadratic in ® and has to be real. There are only two
options, ®® and (®2 + ®?). The latter however, after being integrated over
all of superspace, becomes a total derivative (as we will see shortly, ®? is
also a chiral superfield, and hence its d-component is a total derivative, see
eq. ) Hence the only possibility is really Y = ®®.

Let us then compute

L= /d29d20_<b<b.

In other words, we need to extract the 626> component of ®®. Recall that
we have

© = 04 VI 4 80000+ 671 + 00 - P00
1

O = ¢+ V20 —i05"00,0" + 0 f + 7%

_ 1
9290“3u¢ — 192028“8u¢*.

V2

+i00"00,¢ (—i0c”00,¢") + 0*0° f f* + %0250“8”(\/50_@5)

1 .-
—192928”@@25 - ¢ + terms with 3 s or less

0 = ¢ (—%92528#@&) + V204 ( 9‘200—“@2/7)

We now use the following identities
Got000"0 = %02§2n“”,
00t = —ée%aﬂauz/?,
G5 0,000 = —LBP0e"0,,
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to obtain
£ 272 Logug v Lou o L peon *
O = 0707 —700"0,0" + 50"60,9" — 1600 + [ f
? T
—;ﬂa“@mﬂ - §¢Uuau¢} + ...

so that, eventually

S = /d4a:/d20d20_<b<f>

_ / iz {—iqsaﬂa#w 4 %aww* - }lqs*a“am I

+§@¢Ea“¢ - %&a“%}
= / d*z (0" ¢, 0" — b0 + ff7) . (4.26)

This is exactly the action for the free massless theory of a scalar
supermultiplet.

Since we are interested in theories which go beyond the massless, free
limit, we see that we have obtained the kinetic term of the full action. We
seem however to have a little problem: ®® is the lowest dimension expression
that we can write, and it eventually leads to a two-derivative Lagrangian
density. How are we going to write non-derivative interactions? d-terms
such as the one considered above do not leave much room for that. We have
to look for another possibility.

4.2.2 Superpotential

Recall that we had postulated that £ o d because a d-term has a SUSY
variation that is a total derivative, d.d = 9,v*. Let us now go back to the
expression for 0® in components, or equivalently to the variations . We
immediately realize that

Of = iV2e5" 0, = 0,(iv/2ea")) = 0",

the variation of an f-term, the highest (independent) component of a chiral
superfield, is also always a total derivative. This is true for the f-term of
any chiral superfield.
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Now, note that the product of 2 chiral superfields is itself a chiral super-
field. Indeed if Dy® = 0 and Ds;X¥ = 0, then

D (DY) = (Da®)X 4+ B(DsX) = 0.
In components, take
D =0d+V200+60%Ff, L=0+V20y+ 0%
where all fields depend on y; for the product we obtain
Y = g0 + V20(o + x¢) + 0*(fo + dg — ¥x)

(we have used that 60y = —%Hwa). It is thus obvious that ®X is also a
chiral superfield in its own right, and then the variation of its f-term has
to be of the form given in (4.24]) with all component fields replaced by the
bilinears read from the expression above.

This is then true for any function of chiral superfields only. If W (z) is
a holomorphic function, then W (®), as defined by the Taylor expansion of
W (z), is a chiral superfield:

DaW (®) = W (®)Dg® = 0.

Then, the f-term of W (®), i.e. the coefficient of 6§, has a SUSY variation
which is a total derivative. Since [ d*06* =1, we can single out this compo-
nent by integrating over only half of superspace

/ dOW (®),

with the understanding that the resulting expression is evaluated at y* = z*.
For the action to be real, we must add the complex conjugate. Hence,
another piece of a manifestly SUSY invariant action is:

/ i < / ROW (D) + / d2§W(<I>)) , (4.27)

where by W we denote the function W (z) = W(z)*, that is we take the
complex conjugates of the expansion coefficients (i.e. the coupling constants).

Since the integral over half of superspace has a measure of dimension
[d?0] = M, we will have a Lagrangian density of canonical dimension [£] =
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M* only provided [W] = M3. Therefore, we will have a renormalizable
theory (all couplings are dimensionless or have positive mass dimensions) if
the function W (®), called the superpotential, is at most cubic.

We take ) .
W(®P) = —§m<I>2 - §Ac1>3. (4.28)

According to the rule discussed above, we have

D% = $2 4+ 2V2000 + 0*(20f — ),
O = ¢ +3V200¢" + 0% (307 f — 3ouu).

Hence,
/ dOW () = —mo f + smp — MG f + Mgy, (4.29)

This is exactly the holomorphic piece of total Lagrangian of the Wess-
Zumino model discussed in the previous chapter. The holomorphicity of
such terms, which was unexplained in the construction in components that
we performed previously, has now a natural explanation in terms of chiral
superfields. The importance of the present result cannot be stressed enough:
The fact that supersymmetry imposes the mass and interaction terms for
chiral superfields, i.e. the superpotential, to be holomorphic has enormous
consequences. Indeed, such results based on symmetries apply to a theory in
general, even after quantum corrections are taken into account (at the per-
turbative and even at the non-perturbative level). Hence, holomorphy of the
superpotential will highly constrain the quantum radiative corrections and
the renormalization of the theory, and also the non-perturbative corrections
affecting the effective action.

It is possible to consider more general expressions for W (®), for instance
in the context of effective theories. It is then obvious that if the superpoten-
tial is purely a polynomial in the chiral superfields, then the interactions are
polynomial too.

4.2.3 Equations of motion for chiral superfields

We start by noticing a subtlety, which might have actually already puzzled
the reader: The integrals over G-odd variables act as derivations. Indeed, we

have
/d@@zl, /d&lz()
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in the same way as

0 0

In an action (i.e. under a spacetime integral), we can even go further. We
have that

/d4deD‘j‘Y = /d4x(5d5dY—i—8#v“) = /d%édédY = —4/d4xd2§Y,

where we have used the fact that 0%0? = —4 while i d*00% = 1.
More interestingly, the converse is also true:

_ 1 _
/ d*zd*0d*0Y = -7 / d*zd*0D?Y. (4.30)

The right hand side now looks like an f-term, being integrated over only
chiral superspace. Indeed, D?Y is a chiral superfield, since Dy D?*Y = 0 just
because Dabgby =0.

However, in the usual terminology for the action of a chiral superfield, we
will not call the above a true f-term, since it can be reexpressed as a d-term.
This is not always possible, of course. An f-term like ®2 cannot be rewritten
(locally) as a d-term.

We can use the trick above to write the equations of motion in a SUSY
covariant way. We rewrite the action as

5 - / . ( / PILIDD + / 2OW (D) + / dQOV_V(CT)))
— /d4x [/ 4?0 (—i@D2é+W(<I>)) +/d29‘ (@)] :

08
5=
As we show below, it is a simple matter to see that D? contains, for instance,
a 0"0, operator. These are the equations of motion of the Wess-Zumino
model, written in a manifestly SUSY covariant way.
Let us concentrate on the free case (that is, for W = 0). The equations
of motion are:

so that .
0 & —ZD% + W' (®) = 0. (4.31)

D*® = 0.
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Notice first that D?® is an antichiral superfield, D,D?® = 0. Hence it can
be expanded as

D*® = a(y) + V20x(g) + 6°6(y),
where

g =zt — 0ot = y* — 2ifo"h.

We can start by writing ® in terms of y:

O = (i + 2i00"0) + V200 (5 + 2i00"0) + 02 f(ij + 2i00™0)
= (y) + 2i00"00,6(y) — 460"005°00,0,6 ()
V200 (5) + 2v/2i005"000,0(7) + 6° £ (1)
= 0(y) + 2i00"00,0(y) — 0°6°9,0"6(7)
+V200 (1) + V2605 0,4 () + 6° £ (1)

Now, we can use the relations D,0% = 0, D,g* = 0 and D,0° = 55.
We obtain

Do® = 2i0".0%0,0(y) — 2000°0,0"6(7) + V2o ()
+2v/2i0,05"0,0 () + 200 f (9),
D°D,® = 46%0,0"6(7) — 4v/'2i05"0,(7) — Af (7).

This is indeed an antichiral superfield. Then the superfield equations of
motion imply

D*® =0 & 9,0t =0, "9, =0, f=0. (4.32)

As it should be obvious by now, there are no surprises and we recover what
we expected.

4.3 Real superfields

We consider now a different restriction on a general superfield Y, that will
eventually lead to the field content of the vector multiplet.

Recall that a gauge vector A, is real, while all components of a chiral
superfield must be complex. In other words, it is obvious that we cannot
build a chiral superfield such as ®, = A, + 6\, + 62 f,.
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Consider instead the real projection on Y: let us call V' a (generically
matrix-valued) superfield such that

V=V (4.33)

On a general superfield
_ _ _ L 1 .-
Y = ¢+ 0n+0x + 0*m+ 0n+ 05"0A, + i0*0\ — i0*0 + 5929%,

the condition (4.33) implies
¢:¢T7 n=Xx m:nTa Au:AI” A =1, d=d'.

Thus, the real superfield is given by
Do 1 p2 02, + 0 020N 02 Loz
V=0¢+0x+0x+0"m+0"m'+00"0A, +i0°0\ —i0 9)\—1—59 0°d, (4.34)

with ¢, A, and d real and m complex. (We have slightly adjusted the conven-
tions for later convenience, i.e. for the sake of comparison with the notation in
the previous chapter.) This gives off-shell a total of 8 bosonic and 8 fermionic
degrees of freedom (y and A\ are Weyl spinors).

Though we have reduced by half the number of degrees of freedom with
respect to a general superfield, it is still more than what we had in the
(abelian) vector multiplet. However recall that, as we had discussed there,
the gauge symmetry was crucial in giving the right balance of degrees of
freedom. Since A, is in the game, gauge symmetry is bound to appear.

4.3.1 Gauge symmetry and the vector multiplet

Let us first recall some basics about gauge symmetries, and how they trans-
late to a supersymmetric theory. A gauge symmetry is the invariance of the
theory under local, i.e. spacetime dependent, transformations

o(z) = e @ep(x). (4.35)

This should be true for all the components of a given multiplet, since a
gauge symmetry is supposed to commute with supersymmetry (otherwise the
latter has to become local too). Then, taking for instance a scalar muliplet,
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one would like to generalize the above transformation to a chiral superfield.
However
©(y,0) — “o(y,0)

cannot work since it implies but also, as its #9 component, 0up(x) —
e (®)9,é(z) which is not consistent. In other words the transformed object
is no longer a chiral superfield.

The way to cure this problem is obvious: we have to promote the gauge
parameter to a chiral superfield A(y, #) so that

Dy, 0) — 2D (y, 0). (4.36)

Now a chiral superfield correctly trasnforms into a chiral superfield (indeed,
we have seen that any product of chiral superfields is a chiral superfield).
Expanding the gauge parameter chiral superfield, we have

Ay, 0) = a(y) + 0¢(y) + 0*A(y).

Note that a must be complex, hence for the time being it looks like we are
enlarging gauge invariance to a complexified gauge group.

In generalizing the gauge parameter to a chiral superfield, we see that the
kinetic term for ® is no longer invariant. Indeed

dP — e D £ DD

It would only work for A = « real. However we should not actually expect
the free kinetic term to be invariant under a gauge symmetry. For a scalar
field, 0,¢*0"¢ is not invariant under (4.35)). One has instead to introduce a
connection A, and a covariant derivative

D, =0, —1iA,
so that (4.35)) is accompanied by
A, — A, + O

and as a result

D,(x) = ¢°@D,6(x).

Then (D,¢)*D*¢ is invariant under gauge transformations.
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Actually, following the same reasoning for superfields is even simpler.
In order to render ®® invariant, we introduce a superfield connection eV
between ® and P, so that the kinetic term becomes

eV P.
It is invariant under (4.36]) provided
e’ — eV e, (4.37)

Note that the above transformation implies, for the hermitian conjugate su-
perfield

eVT — emewe_m.

Thus VT transforms in the same way as V, and it is most economical to
choose a real superfield V = V1 as the superfield connection.

Since A is a chiral superfield, it has 4 4+ 4 degrees of freedom off-shell. It
can then be used to reduce the 8 + 8 degrees of freedom of V = V1 to a total
of 4 + 4 off-shell but gauge-fixed degrees of freedom, exactly as in the vector
multiplet.

Let us take now for simplicity V' to be a single (abelian) superfield. Then
ordering of the (super)fields does not matter and the transformation law
reads

V =V —i(A-A)

or as a (gauge) variation

5V = —i(A — ). (4.38)

If we expand A as usual (see (4.23))), we obtain

V. = —i(a—a*) +00"00,(a+ a*) + %92§28M8“(a —a)
0+ + S0°050,E — 0000,
—i6? A+ 167 A*.
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We can read the gauge transformations for every component:

b = —ila—a”)
ox = —i§
om = —iA
0A, = O(a+a”)
i _
oA = —50'“8“5

Z’ *
o0d = 58#3“(04—04).

We immediately observe that the above transformations are compatible with
¢, A, and d being real. We can also perform a redefinition

1
A = N=X+ 50“8#5(,
1
d — d=d+ 56,@%25,
so that now in terms of these new component fields the transformations read

SN =0
od = 0.

It is rather obvious that we can perform a (partial) gauge fixing as follows:
We use Ima to set ¢ =0, £ to set x = 0 and A to set m = 0. In other words,
we set to zero all the component fields in V' that transform by a shift without
derivatives.

We are left with

V =00"0A, +i6°0) — i6*0) + 36%6°d. (4.39)

This is the so-called Wess-Zumino gauge. The residual gauge symmetry is
only the usual one acting on the vector A, and parametrized by the real part
of a

0A, =0 (a+a”).

This can be used to gauge away one last (off-shell) degree of freedom from
A,. We are thus left with the exact field content of the previously discussed
theory of the vector multiplet.
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We can now derive the SUSY variations of the components of such a
(gauge fixed) real superfield, and match them with those of the vector mul-
tiplet that we presented in the previous chapter. We start from

dsusyV =i(eQ + €Q)V.

A subtlety concerns the fact that we will need to introduce compensating
gauge transformations, since obviously the V' in the Wess-Zumino (WZ)
gauge is not a proper superfield. Then new components will be gen-
erated by a supersymmetry transformation. A gauge transformation will be
needed in order to bring back V' in WZ-gauge. In particular note that if oy is
generated, the compensating gauge transformation will also generate a term
proportional to

i
592‘9‘7“8“592 + c.c.
The SUSY variation reads

osusyV = (68 — €0 +i(fote — 60“0_)8”) V
= oA, + 2ic00\ — i0*eX + 0e6°d
+00"EA,, + i0*EN — 2i0e0\ + 0%0ed
+ifo*eda 00, A, + 00"€d*00,\
—iea”é@al’é@“Au + 60”0_029_@5\.
Note that it is real, so that the reality condition indeed commutes with SUSY
transformations.

From the by now familiar manipulation 6,05 = %Gaﬁ_a
for instance

i

na» we have that,
eI\ = %Qalﬁ_ea“x
We thus derive

dsusy Ay = t€a,\ — iAo, = (€T, \ — NG €, (4.40)

which correctly reproduces the variation given in (3.16|).
Another Fierz identity yields

60“§92§8u5\ = —%ézea“ﬁux,
so that we further get
Ssusyd = €' O\ — €a" O, (4.41)
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again in agreement with (3.19)).
As anticipated, in order to obtain the variation of A we need to pay extra
attention. First of all we have the identity

ea“é@a”é@uAy = %ea”&”ﬁéQQNAV = %§290”5“60MAV,

so that
i

SsusyV = 626 (—éa”&“eﬁﬂfly + Ed) + ... (4.42)

However we also have
SsusyV = 00"€A, — 06" cA, + -+ = 05sysy X + 00susy X + - - -
from which we establish
OsusyX = —0"€A,.
We thus need a compensating gauge transformation such that
OgaugeV = 0gaugeX + %éQGU“aﬂégaugex o
= fOoteA, + %§200“5”68“AV +... (4.43)

Combining the above gauge variation with (4.42)), we restore V' to the WZ
gauge and get

S0tV = 626 % (ot —o"c") €0, A, +ed| + ...

and we eventually recover the variation (3.17))
Ot A = —o"el), + ied. (4.44)

We have thus recovered the supersymmetric variations discussed previ-
ously, confirming that the real superfield V = VT, in the WZ gauge, is the
correct way of assembling in a manifestly supersymmetric fashion the fields
of the vector supermultiplet.
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4.3.2 The action and the gaugino chiral superfield

It is now our duty to write the action for the vector multiplet degrees of
freedom in a manifestly SUSY invariant way.

We have the real superfield V' at our disposal but it is easy to understand
that it is not the best choice. For instance, it contains a “bare” A, so it is
not gauge covariant.

In other words, since V' transforms as

vV eiz‘\eve—m7

it is impossible to build gauge invariant quantities by taking traces of prod-
ucts of €', for instance. What we need is an object which transforms as

y — eiAVe’iA,

i.e. holomorphically, so that for instance tr V? is gauge invariant.

Clearly, V must be a chiral superfield. Hence, we would like to build a
chiral superfield out of the real superfield V.

By inspecting the SUSY variations of the components of V| we note that

IN=(—0"F, +id)e
is reminiscent of the variation of the lowest component of a chiral superfield,
8¢ = V2be,

in that it only depends on €. Then, A should be the spin—% lowest component
of a chiral superfield. By substituting

b= A\, V2 = —o"F,, +id

we get
Wa = Ao + (=" P F,, +id6)0s + . .. (4.45)

Inspecting now also the variations for d and A, see (4.40) and (4.41)), we see
that there are two terms, proportional to € and € respectively. Recall that
the f-term appears in

5 = /21018, + V2ef,
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in the term proportional to €. Hence, from for instance, we expect
that f oc o#9,\.

Instead of going through all the algebra, we now define W, directly from
V' as a superfield equation.

We know that the lowest component of W, is A, the coefficient of #26“
in V. Then we should be able to obtain it by applying the operator D?D,
on V. Indeed

D2D(B200) = 20, (P00) + ... = —Ahg + ...
Thus we define ,

W, = —%DQDQV. (4.46)
It is a chiral superfield because D? = 0. We will often refer to it as the

gaugino superfield.
Analogously we define the anti-chiral superfield
7

Wd - —ZD2DQV = 5\@ +... = (Wa>*. (447)

(Note that in the same way as (9,)* = —0g, we also have that (D,)* = —Ds.)
It is best to compute W, in the WZ-gauge. We will later show that it is
gauge covariant (and thus gauge invariant in the abelian case), so that the
result of this computation extends to any gauge.
Since W, is a chiral superfield, let us start by writing all fields in terms
of y#, that is we expand z* = y* — 100"0:
V = 00"9A, — i00"000"00,A, + i6?IA — PO\ + 10°Fd
= o"0A, +i0°0) — 0?0\ + %92§2(d — 10, A"),
where all fields are intended as depending on y. As usual we recall that
Dg6? = 0, Dc_ﬁﬁ = 55, Day* = 0, and also D,0° = 6%, D,0° = 0 and
D,y* = 2ict 0% We compute
D,V = ol 0%A, +2i0,0\ —i0?\, + 0,0%(d — i0,A")
+2i0" 0900700, A, — 20" .0°0*00,\.
Now, D? will select only the terms with two fs:
D*DV = 4ida — 4 (d — i0,A") + 4ie*at 0°0",0,A, — 4¢Pt 070,
= 4idy — 40,(d — i0,A") — 4i(0"5") o 050, A, — 46%a" 0\
= 4i\g — 40,d — 4ic* POsF,, — 40%0" 0,0,



80 CHAPTER 4. SUPERSPACE AND SUPERFIELDS

where we have used o#c" = 20" + nh".
We thus have

Wa = Ao — 0" 05 F,, + i0,d + i7" 0, % (4.48)

In the abelian case, the above expression is obviously gauge invariant. In the
non-abelian case, we have to write a more general expression for the gaugino
superfield

W, = _%DQ (e7VDae") . (4.49)
Under a gauge transformation
W, — _iDQ [eme*ve*mDa <ei]\eve4A>}
1 = . ‘
— __D2 iA fVDa V _—iA
i [e™e (eVe™™)]
L inp2 T -V V_—ih |V —iA
= —Ze D [e (Dae e " 4+e" Dye )]
_ _ieiADZ (e_VDaeV) oA _ %eiADQDae—iA
= MWy %eiADB{Da, Dﬁ-}e_iA
— GiAW(XG_iA,
where we have repeatedly used that Dy,A = 0 and DsA = 0, and also that
[Ds5,{Da, Dg}] = 0 in the last equality.
We have thus shown that W, is gauge covariant
W, — e Wae ™. (4.50)

We obtain a Lorentz invariant object from W, by taking its square, which is
also gauge covariant:

WaWa SN €iAWQWa€_iA.

Hence, we see that its trace is both Lorentz and gauge invariant, and is
perfectly suited to appear in an action. It is a chiral superfield, and as a
consequence

/ d*xd*0tr WOW,,
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is also manifestly SUSY invariant.

Let us do some power counting. First of all W] = [\] = M%2. (As a
side remark, note that of course [V] = M? since it appear in an exponential.)
Thus W?| = M? and [[ d*0W?] = M* as it befits a Lagrangian density. It
is easy to realize that this is actually the only option at all, at least for a
renormalizable theory of course.

We then set out to compute W*W,,, and for the present we stick to the
abelian case. We are actually interested only in the 62 term:

WW, = 2iX“0%c" 0,0 + 0° (" 5" F,, + iddg)(—0"" o Fpo +1d6))0 + . ..
= 2i0*\d"I N\ — 00" " OF,, F,, — °d* + ...
= 62 (22’)\0“@6;\ — %J“”ﬁaap"a’BFWFpU — d2) +...,

where note that e*?o#” 570, = —0Pah 5.
Now recall the definition of the (anti)self-dual tensors

+ 4 o
Fity = Fuw £ 5eupeF*,

which are in the (1, 0) and (0, 1) representations of SU(2) x SU(2)*. Actually,
it is fairly easy to realize that it is precisely o*"3”F), and o8, that
project Fj,, on these two irreducible representations. Hence, we know that
there will be a relation such as

v o + ptpr
o 507 o Fu Fpy o< Fi F5H,

where we still have to fix the constant of proportionality and the choice of
sign (since they are heavily convention-dependent). First, take

Fﬁpiuu - (FW + %E;wponU) (Fuu T %EuuATF)\T>

1
= FuF" Fieup " FP + 12(635; — 8,07 )F*7 Fy,
= ("7 =" F i) F Fy

We thus learn that

O_;wﬁozo_paaﬁ — a(nupnua o nuanup ¥ iEMVpU).
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We now fix a and the relative sign by inserting specific values for the Lorentz
indices. For instance:

1 1
tro%o® = Ztr 0'5°0%6% = Ztr Ty =

(recall that 7; are the Pauli matrices) so that a = —3, and

1
tro®o!? = gtr o'7*(o'e* — o%a')

1
= —trmfn, = ——tri = - =4+
] 3[ 1 2] 4 3
It is then the lower sign which is the correct one.

Thus

1 )
o aapao/o’ — _é(nupnw — nronr) — EEWPU_

h 9

As a result,
o 520" P FyFoy = —F, M — %E#VPUFWFpO,
and finally
WW, = 6 (22'/\0“3“5\ + %FWFW + %e“”p"FWFpg — d2) +... 0 (4.51)
By simply taking the complex conjugate we also obtain
WV = 6 (—22’8”)\0“5\ + %FWFW — %e“”p"FuquU — d2) +... (452)
Eventually, the action is given by

1 — — .
S = / d'z (—1 / PONVW, — }1 / dQQWdW"‘) (4.53)

X L o )
- / d*z (—ZF,WF’“’ +5d - %)\a“auA + %GMAJ“)\)

P
_ / diz (_Z o +§d2—z)\a“8ﬂ)\),

exactly what we had before, see ((3.20)).
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Let us write the manifestly SUSY invariant action of a vector multiplet
in full generality, that is we allow for a non-abelian gauge group and also for
a parity-violating term in the action. The Lagrangian density is then

L= _% / d*0tr WOW,, — % / d*0tr WaWe, (4.54)
with conventionally
1 0
T = E — Z@, (455)
so that
L= ! tr F, F'* 9 e L F,
=g e~ g b

4.3.3 Equations of motion for real superfields

In order to derive equations of motion from (4.53)), we should vary it with
respect to V. Then we have

55 = —% / d*x ( / POV W, + / d2éwdc§wd)

_ % / diz ( / d2OW°D*D, 8V + / dQH_V_VdDQD%V)

_ _% / dixd*0d%0 (W D8V + WiaD3V)

= % / d*zd*0d*0 (D“We + DaWV*) 6V.
Thus, the equations of motion are

D°W, = —DsW*, (4.56)
or, since (DW,)* = —DyW?, equivalently
ImD*W,, = 0.

However, the superfield W,, verifies a relation, due to its definition in terms
of V. If we define
{D., Dy} = 2ich 0, = vaa,
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then it is simple to see that
D*D?D, = —D,D3D*D® = DyD,D*D* —v,,D*D* = D?*D?*—2v,,D*D?,
and similarly
DyD*D* = —D*D*Dy Dy = D*D*D, D, — V66 D*D* = D*D? — 20,4, D% D*
so that we have the identity
D*D*D,V = DyD*D*V

which in terms of the gaugino superfield reads

D*W, = DV (4.57)
or

ReD*W, = 0.

This is a consequence of the definition of W, and hence must be akin to
Bianchi identities for the gauge field strength.

It is an obvious consequence of the above that imposing D*W,, = 0 will
contemporarily set both the equations of motion and the Bianchi identities
to zero.

Noticing again that D05 = —03 and Dy" = —2i0,6"* let us compute

DWW, = o",F,, — 2id+ 2i0c"d,\
—2i05" 9, \ + 2i05"0"7 00, F,, + 205"00,d + 26*05* 5" 0,0, .

The first term vanishes because the Lorentz generators are traceless. Further,
we see that d, o"9,A and 5*9,\ all belong to the imaginary part of D*W,
and hence are correctly set to zero when imposing the equations of motion
of the superfield. This also implies that the last two terms vanish.

For the terms involving F),, we see that

ImD*W,, =0 = f(c"o"” — 7 5")00,F,; =0
ReD*“W, =0 = f(c"o” 4+ 76")00,F,, = 0.
Now, using the usual Fierz rearrangements, we have that
Otor’) = —%Hauétr o’ator’
= —100,0tr (20”077 + 0" o"?)
= 0Oo,0tr oo’

= _Qayg(nupnw — nhontP + Z‘G/WPU).
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Eventually, we have

D*W,, = 00,0 (—4i0,F*" —2e"P70,F),) + ...,
so that as expected

ImDW, =0 & 9, F" =0
ReD*“W, =0 = a[quU} =0.

We have thus correctly extracted from the equations of motion and Bianchi
identities of the real superfield, the equations of motion and Bianchi identities
of the vector multiplet component fields.

4.3.4 Fayet-Iliopoulos term

For completeness, we must point out here that there is yet another gauge
invariant action term that can be built from V. It is just its d component,
which is truly gauge invariant only in the abelian case of course (otherwise it
transforms in the adjoint representation). This is called the Fayet-Iliopoulos
term, and is written as

Lrr=¢§ / 0420V = ¢&d. (4.58)

It is trivially SUSY invariant and Lorentz invariant. For a free vector model,
it just shifts the on-shell value of d (and, as we will see later, most importantly
also the vacuum energy). Though it may look like just an odd curiosity to
be dismissed as irrelevant, we will see that it may play an important role in
the context of models of spontaneous supersymmetry breaking.
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Chapter 5

Supersymmetric gauge theories

Having now developped all the tools necessary to build any supersymmetric
field theory, in this chapter we start studying physically relevant such theo-
ries. We will write the most general supersymmetric gauge theory coupled
to matter (super)fields. One obvious application is to the minimal super-
symmetric extension of the Standard Model of particle physics, also known
as MSSM. We will also review in more detail some subsectors of it, such
as Super-QCD (SQCD). In passing, we will introduce the important con-
cept of the moduli space of vacua and discuss global symmetries, including
R-symmetry which is specific to supersymmetric theories.

5.1 Most general SUSY gauge theory with
matter

In the previous chapter, we have introduced and reviewed both chiral su-
perfields and real superfields. Our aim now is to combine them into gauge
theories with matter. What we really mean by “gauge theories with mat-
ter” is the sort of theories that we encounter in the Standard Model (SM),
that is gauge bosons interacting with fermions, and possibly scalars, which in
their turn interact through Yukawa or quartic couplings. Hence, the “gauge
theory” part has to include gauge bosons, while the “matter” part usually
includes fermions (we are all made of fermions after all..).

The first possibility that comes to mind is that the real superfield already
includes both gauge bosons and fermions. Indeed, the fermionic partner of
the gauge boson A,, which we call the gaugino X, could be considered as

87
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“matter”. It has however a strong restriction, which is the one of having to
belong to the adjoint representation of the gauge group. This is, in partic-
ular, not the case for any matter field of the SM. Thus, if we want to have
matter fields in different representations, we must fit them in additional chi-
ral superfields. This is actually not a real surprise, since we have already
seen how to couple chiral superfields to real superfields: we introduced the
latter precisely by requiring gauge invariance of the chiral superfield kinetic
term.

We can then write the most general manifestly SUSY invariant action
with gauge and matter fields as

S = /d4x{/d20d2§<bev<b — %/d29trW‘1Wa — %/d2§trWde

+/d29trW(@)+/d2§trW(q>)}. (5.1)

Here we are taking the gauge group to be a generic one, typically non-abelian
and not necessarily simple (hence, we will generically have several different
gauge couplings). The superfield V' is then really a hermitian matrix V =
V,T,, with T, = T\l the generators of the gauge group.

In the term ®e”® the generators are taken in the representation of the
matter fields, which is generically reducible (often, quantum consistency does
not allow the matter fields to be in a single irreducible representation). The
generators T, act on the matter superfields as

(Ta)ijqﬂ’

where a runs over all the generators of the gauge group, while ¢ and j run
over all the components of the representation to which ® belongs. Then &
is in the conjugate representation

,(T,)" ..

J

We thus write ®e" ® really as a shorthand for

D;(e"),®7.
Since we have that V = V,T,, we can also write W, = W,,,/T,,. 1t follows
that

tr WOW, = WiWatt T,T, = WEWapt6up = 2WE W

2
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We have used the convention that
tr TaTb = %6(11,

when T, are the generators of the fundamental representation of the gauge
group. In this way, the gauge kinetic terms can be rewritten as

L= —% /d29 W W, — % /dQGWdaWj.

Some more attention must be paid to the matter superpotential. By
tr W (®) we mean that it must, of course, be gauge invariant. However note
that gauge invariance cannot be achieved as in the kinetic term, since we
cannot use ®. For instance, in order to write a quadratic gauge invariant,
the representation of the gauge group must be real (more precisely, self-
complex conjugate). In other words, the reducible representation of ® should
split into irreducible representations plus their conjugates, and possibly some
irreducible self-conjugate representations like the adjoint. (Of course, we have
SU(N) gauge groups in the back of our minds most of the time. With SO(N)
or Sp(IN) gauge groups the situation is simpler.)

Let us recall very briefly some basic facts about Lie algebras. Given a set
of generators T, = T satisfying the commutation relations

[Ta; Tb] == Z-fabcjja

where the structure constants fu;. are real, it is easy to see that by taking
the complex conjugate we obtain

[Tja Tl;k] = _ifabCTc*v

that is, the generators —7 also satisfy the same commutation relations.
They are the generators of the conjugate representation. If T, = —T7 the
representation is self-conjugate. For instance, taking the adjoint representa-
tion where

(Ta>bc - ifabc

we see that it satisfies T = —T,.
Thus, to come back to the problem of writing gauge invariant superpo-
tentials, we have just learned that if ® is in the adjoint representation, that

is it transforms as
P — AP,
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then
tr ®2

is a gauge invariant term, as well actually as any term like tr " more gen-
erally. If on the other hand ® is in the fundamental representation, we
must have another chiral superfield ® in the anti-fundamental representa-
tion. They transform as

O — NP, O — e,

so that

oD

is gauge invariant.

There can be other gauge invariants in some gauge groups, like for in-
stance €;, . o PN in SU(N). However one must pay special attention
to the statistics, since many such invariants could just vanish because of it.

5.1.1 An abelian example: SQED

We consider now a simple example of a SUSY gauge theory with matter. It
is the one of the supersymmetric version of QED, usually denoted by SQED.
More specifically, it is a SUSY version of an abelian U(1) gauge theory cou-
pled to charged fermions et and e, the positron and the electron. In addition
to the usual particle content of QED of photon, positron and electron, re-
spectively associated to the fields A,, ¢ and ¥ (note that we have split the
conventional Dirac fermion of QED in its two Weyl components), we have
also a fermionic field A corresponding to the photino, and two scalar fields
¢ and é which correspond to the spositron and selectron, the two bosonic
superpartners of the positron and the electron.
We know that the “positron” and the “electron” transform as

P — e, ) — 7).
We will thus consider two chiral superfields ® and ® such that the gauge
transformations read B
V-V —i(A-A),
P — P, P — P,
Note that ® is in the conjugate representation of ®. Hence, the action of ¥
on it will be replaced by eV = eV,
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The kinetic part of the Lagrangian reads

Lin = / 040 (B @+ be VD) - L / POW W, — - / POWWE.
4g° 49

(5.2)

The superpotential part, in order to be gauge invariant, must be a func-

tion of OP (recall that the superpotential must be a holomorphic function of

chiral superfields only). Now, since for the theory to be renormalizable the

superpotential W must be at most of mass dimension 3, i.e. at most cubic
in the matter superfields, the only term which is allowed is a mass term:

Ly = /d2em&>¢+/d2§m*c§c§. (5.3)

Let us now compute the d-term of in order to see explicitly the
couplings between the gauge and matter sectors. We will work in the Wess-
Zumino (WZ) gauge which we already used extensively in the previous chap-
ter, where V starts at the 66 order. Note that as a consequence, V? is just
one term:

V2 = 0010607 0A, A, = 10?7 AF A, (5.4)

Furthermore, the expansion in V stops here, indeed V3 = 0 in the WZ-gauge.
Thus, we have that

e =12V 41V (WZ gauge)
The chiral superfield kinetic term in (5.2 thus expands as
"' P = PP + PV P + 1OVD.

The ®® term yields the kinetic Lagrangian of the free theory, as given for
instance in (4.26). The other two terms are computed as follows. Note first
of all that

VO = (¢" + V200 — i05"00,0") (00”0 A, + 020X — 00X\ + 36%6°d) -
(¢ + V201 + i05°00,0)
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Its d-term reads
PV P|pge = 00"000"0(—ipd, 0" A, + i 0, 0A,) + 20000000 A,
+iV20006%0N — iv/24*00F2 0N + %¢*¢9292d
= 00 L0 20,0 - 610,07 + 000,
i 1
—%@m + EW + §¢*¢d} .

As for the last term, we have
_ 1 .
V2P = 0292§¢ PpA*A,.
Putting all the above terms together, we obtain
/d29d2§®ev® = 0,0°0"p+ %@ﬂﬁ&”w — %@&”@ﬂ/) +f°f

i i 1, 1
_5 u¢ AM¢ + EA,u(b a#¢ + qu QbA,uAM - §¢0“¢AM
1 1

V2 V2
- (W + %Am*) (a% - %Aw)
¢ sl 5| ¢ l ht _ 1
"_5 (8M¢ + §Au¢) ol — §¢0 ((%1# 214”77/1)

SN+ 6N+ 3670

l

1 507600 = S 6UA+ =00

NS
= DL DR~ g Dy + S + 5670
i
— G0N T ST (5.5)

In the final expression we have introduced the gauge-covariant derivatives

7 1
Du¢ = a,u¢ - EA,M¢7 Du¢* = au¢* + §Au¢*7

and similarly for 1 and 1.
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In (5.5 we also note that, besides the kinetic terms for the scalars and the
fermions, we have two purely bosonic terms which, as we will see, constitute
the scalar potential, and two Yukawa-like terms (i.e. couplings between a
scalar and a fermion bilinear).

In order to make the above action look more familiar, we can introduce
the gauge coupling g (which we might want to call e in the case of QED) by
redefining the real superfield by a rescaling

V — 29V

so that the gauge vector is similarly rescaled A, — 2gA, and the covariant
derivative becomes more familiar

D¢ = 0,0 —igA,d.

Note that rescaling the whole superfield implies that we need also to rescale
the gaugino and the d-term, so that A — 2¢g\ and d — 2¢gd. The final matter
and interaction Lagrangian becomes

L = D,¢*"D'é — ih" Db + f* f + go*dd — igV 200\ +igyV2¢ PN, (5.6)

The important thing to notice is that the Yukawa couplings between the
selectron, electron and photino have their value exactly set to the one of the
gauge coupling.

Note that under V' — 2gV the kinetic term W*W,, + c.c. gets multiplied
by 4g%. Hence, we need also to rescale 7 — }17 in order to restore the usual
normalization of the gauge sector kinetic terms. All in all we obtain for the

full Lagrangian f in components:
L = Du¢"D'é—ibg" Dy + f*f + Dud* D' — iba D, + f* f
+9d(6" ¢ — 66") — igV2e0 — GHIA +igV2(d" — $H)A
—i L EP — NGO + %dz
+mf +mof — mph+ mG*f* 4 m G — m G,
The covariant derivatives are defined as before for ¢ and ¢, while we have
the opposite sign for the components of the charge conjugate superfield P,

Dué = aué + Z"C]A#é
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and similarly for . Lastly, since the photino is neutral we have D, A = 9, .

Note that in the Lagrangian above, the terms mwzz + miﬂg[} actually con-
stitute a Dirac mass for the electron/positron field as in ordinary QED.

We can now integrate out the auxiliary fields d and f, f*. For the latter,
the procedure is just the same as in the (ungauged) Wess-Zumino model. As
for the d-terms, we have

1 * Tk
Lo= 58 +gd(¢"¢ — 96) (5.7)
so that 5e
d * T I*
5q = & d=—g(¢"d — ¢¢").
Reinstating in (5.7), we obtain
1 * T T*
Ly = —592(925 ¢ — ¢¢*)°.
Including also the part coming from the f-terms, we finally get for the po-
tential: )
V= 359°(6"0 = 00") + ml*(¢"¢ + 9¢"). (5:8)
The most important feature is that there is a quartic potential for the scalars,
and its coupling is given, because of supersymmetry, by the square of the
gauge coupling. This fact of course is crucial for the cancellations that will
occur also between radiative corrections in the gauge sector, much similarly
to those happening for a theory of chiral superfields only: there the two
couplings related to each other where the Yukawa and the quartic. Here,

we have gauge couplings, Yukawa couplings (mixing matter fermions and
gaugini) and quartic couplings all functions of the same g.

5.1.2 Non-abelian gauge group
We now generalize to a non-abelian gauge group. The only real difference
will be in the gauge kinetic part, in going from W, = —ﬁDgDaV to

W, = —%DQ (e_VDaeV) )

We have already shown above Eq. (4.50) that even in the full non-abelian

case W, is gauge covariant,

iA —iA
Wy — e Woe .
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Thus, we already know that its expression for a non-abelian gauge group must
be the one obtained from the abelian expression by the covariantization of
all the derivatives inside it. Of course, the covariant derivative in this case
should be intended in the adjoint representation.

Let us check this. In the WZ-gauge

e VD" = (1-V+iv? (D,V+ 3D, VV +1ivD,V)
= D,V + 3[D,V,V],

where the simplifications occur because V' starts at the order 00 while D,
starts at the order 6.
We already know that

—iDQDaV = Ao — 0" PO5F, + i0od + 670" DN

We are left to compute the term with the commutator. As usual, we start
with the expression we had where all fields are function of y*:

V = 00"0A, + i6*0X — i0°0X\ + £6°6%(d — 9, A").

Then we have N -
D,V = JZQHQAM + 20,0\ + ...,

and therefore
DV, V] = 0h,0%0°0%,0° (A, A, + 2i00040°0"% 07N, A,
o, 0902051 A, ]
1_ T _. R _.
= S00"5)a 05 A, A+ SO N A,] = S0l [ 4, X
= 0%0"™.05[A,, A — i020%0" [A,, 2.
Finally, we have

- 4 X B
—éDQ[DaV, V] = %awaﬂeﬁmw A+ 5670, 4, 2.

Eventually, putting all terms together, we obtain

—i[ﬁ (7 Due”) = Ao — 0™, (a#AV — 9,4, — %[Au, A,,])

+iflad + 0207 (a,}a' - %[AM, Xd]) .
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As before, we rescale V' — 2¢gV so that
Wa =29 (Ao — 0" 05F,, + i0,d + i0c%, D, A*) (5.9)
where we have now

F. = 0,A, —0,A,—iglA,, A,
D, = 9.\ —ig[A,, .

Note for completeness that we also have

Dy = 9\ — ig[A,, .

(Recall we then have to take 7 — %17' or W, — %Wa to restore the usual

normalization of the gauge kinetic terms.)

5.1.3 Most general action in components

To close this section, we can now write the most general action for a gauge
theory with a generically non-abelian gauge group, coupled to matter fields
in an arbitrary (reducible) representation. Writing it further in components
will highlight the couplings that it has to feature because of supersymmetry.

The manifestly supersymmetric Lagrangian is
L = / 040 " 0,V T, + / d*0 tr W (®,) + / d*0 tr W (®,)
T 2 o T* 27 1 A7 VNI
—3 d=6 tr W Wa—g =0 tr W, Wwe. (5.10)

Here the index r labels the irreducible representations into which the mat-
ter fields are decomposed. Note that ®, is in the p* complex conjugate
representation. For every representation, we will label its components by
t = 1...dimp, and use the convention of summing over repeated indices.
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Then the same Lagrangian in components reads

L = Y (DD ¢ — ithio" (D) + fif:

—igV2E AT 161+ igV2O AT 101 + 963, T 61
ow O*W
Z(acb ) fl__z<ac1> 0, ) vl e

S 92€/J,l/pG'F(l e > )

+ (5.11)

pvs po

+Z <——F§VF;“’+ 5lada = 0" Dyda =

Note the two kinds of Yukawa couplings, i.e. interactions involving two
fermions and a scalar. The ones involving the gaugino have a coupling given
by gv/2, while the ones involving only matter fermions have arbitrary cou-
plings, given by 0°W for a renormalizable superpotential. The scalar po-
tential on the other hand is determined by the terms involving the auxiliary
fields f and d. In the next section we write it in its most general form.

5.2 Scalar potential and moduli space of vacua

The goal of this section is to analyze, through the scalar potential, the struc-
ture of the supersymmetric vacua of a generic SUSY gauge theory. We will
see instantly how this comes about. Starting from (5.11]), we can solve for
the d- and f-terms, so as to find the scalar potential. The variations of the
Lagrangian are

oL . () L
A
5L ) aW

Thus we have the following equations which fix the auxiliary fields in terms
of the scalar fields:

da - _gZQS:zTcET)Z]Qs% (512)

fi = (0W<¢s>) . (5.13)
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Note that, because of gauge invariance of the superpotential W (®,), its first

derivative g% is in the conjugate representation of ®,, i.e. the same as ,.

The scalar potential is then given by

V(b dF) = —Lags o
-S| () 7 () A

B Z (%dada 9da Z eb:iTéT)ijebfi)

- 2(5), () 32 (Z ¢:iTéT>"j¢z)2-

There is actually a much simpler expression for the scalar potential. It is
simply

Vscalar = Z f:zf:‘ + % Z dadaa (514)

where it is understood that the auxiliary fields are solved in terms of the

scalar fields as in ((5.12)—(5.13)).

From both expressions above, we immediately see that

Vscalar > 07

and that the equality is satisfied only when all auxiliary fields vanish, i.e.
Vealar =0 & fi=0, d,=0 Vria. (5.15)

This fact is extremely relevant when one is looking for classical vacua of a
given field theory. Even when one is set to quantize the theory, a classical
vacuum is usually a good starting point. Such a vacuum is generally chosen
to be Poincaré invariant. Hence, we must set to zero all the fields which are
not Lorentz scalars, and the scalar vacuum expectation values (VEVs) must
be constant throughout all spacetime. The only scalars in the general theory
described here are ¢,, f, and d,. However, if we want the vacuum to also
preserve supersymmetry, we need to set f = 0 and d, = 0. Indeed, we recall
that non-zero VEVs such as f # 0 or d # 0 break SUSY because 61 < fe
and 0\ o de, see (4.24) and (4.44)), while in a SUSY vacuum the variations
of all fields must vanish.
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Another way to see this is to recall what was said at the level of the
SUSY algebra. The energy of a SUSY invariant state must be zero because
essentially E oc QQT and @, Q7|0) = 0 imply that E|0) = 0.

All in all, we see that a supersymmetric ground state must have zero
energy and vanishing auxiliary fields. From the point of view of the scalar
potential , the fact that it is positive semi-definite implies that setting
f and d to zero is sufficient to find a global minimum.

To sum up, we have a SUSY vacuum if and only if there exists a config-
uration of ¢! such that

oW .
and .
> onT ¢l =0 Y a. (5.17)

The first set of equations , often referred to as F-flatness conditions,
consists of ) dimp, complex conditions, while the second set of equations
, often referred to as D-flatness conditions, consists of dimG real con-
ditions, where G is the gauge group. If there is no solution to both of these
sets of equations together, then the theory does not have a SUSY vacuum,
i.e. it breaks supersymmetry spontaneously.

Of course, if these conditions are satisfied with non-zero VEVs for a scalar
¢, in a non-trivial representation of G, this will induce some spontaneous
breaking of the gauge symmetry. However this is irrelevant as far as the
supersymmetry of the vacuum is concerned, since SUSY and gauge symmetry
commute.

Let us make now some trivial remarks first.

e In a gauge theory without matter chiral superfields, there are no con-
ditions since there are simply no scalars in the theory.

e In a gauge theory with W(®) = 0 (in particular, all matter is massless),
only the conditions d = 0 are non-trivial.

e Conversely, in a non-gauge theory only the conditions f = 0 are im-
posed.

We can elaborate a bit further on the last situation. There are as many
conditions f! = 0 than there are scalar fields ¢.. Hence, for a generic su-
perpotential, i.e. a generic function of the ¢, there is always a solution to
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those complex equations. (Non-generic situations can arise because of global
symmetries, as we will see later on.) Actually, this is true even when gauge
interactions are turned on. Indeed, it may seem that the two sets of rela-
tions - ), being more numerous than the fields ¢', overconstrain
the scalar VEVS and have no solutions but in very special cases. However,
gauge invariance of the superpotential W (®) implies there are dimG redun-

dant f-term equations among (5.16)):

& oo PI=0 Va.

Note that the number of redundant equations among the f-terms is the same
as the number of d-term equations.

Let us exemplify these considerations with our simple theory of SQED.
The conditions for a SUSY vacuum read

f=0 < mo=0,
f=0 < mo=0,
d=0 & ¢'¢— oo =0.

Clearly, if m # 0, the two f-conditions imply the d-condition, and the only
vacuum is the one in which ¢ =0 = gg

If m = 0 we are left with only the last equation, the d-condition. Being
it one real condition on two complex constants (the components of ¢ and gz;)
it necessarily leaves some fields undetermined. Essentially, it implies that
|¢|2 = |¢[2. Thus, if we rewrite the scalar fields as ¢ = pe and ¢ = pe’?,
the condition reads

d=20 & p = p.
We seem to have a manifold of vacua parametrized by p, ¢ and ¢. However
we have not yet taken into account the gauge transformations. They act by
the shifts
e + a, 35 — 95 - Q,

with « the real part of the lowest component of A. We can then use the
gauge symmetry to set ¢ = ¢. After doing that, we have that the scalars
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satisfy ¢ = q~5 and the gauge symmetry is completely fixed (up to a Z, discrete
subgroup, which corresponds to taking o = m; it shifts ¢ — o471, p > ¢—m
while keeping ¢ = ¢).

We thus observe that we are left with a one-complex dimensional manifold
of physically different vacua, parametrized by ¢. The constant values that
the scalar fields take in the vacuum are referred to as moduli, and hence such
a manifold of vacua is called moduli space.

There is an alternative description of the moduli space, which is gauge
invariant. If, as in the previous description, we have ¢ = gzNS £ 0, then it
follows that ¢¢ # 0. The latter combination obviously parametrizes the
complex plane C. Gauge transformations change the gauge fixing condition
but leave ¢45 invariant. Therefore, all points parametrized by different values
of ¢ are physically inequivalent.

5.2.1 General characterization of the moduli space

The notion of moduli space can be defined in all generality. Let us first
concentrate on a gauge theory with vanishing superpotential,

W(®) = 0.

Then the moduli space is defined only by the dimG real conditions d, = 0.
These conditions will determine some relations among the scalar fields ¢.
However, not all different configurations satisfying d, = 0 are physically in-
equivalent. Those which are mapped to each other by a gauge transformation
(i.e. those belonging to the same gauge orbit) must be considered as physi-
cally equivalent. We should thus mod out the space of configurations such
that d, = 0 by the equivalence classes induced by gauge transformations.
As a result, we reduce the field space by another dimG real parameters. If
we denote the moduli space of a gauge theory by M, we can summarize the
above by writing

M ={¢! :d, =0}/G. (5.18)

At this point, we can suspect that we should be able to impose the D-flatness
conditions and mod out by the action of the gauge group at the same time.
Indeed, as shown in the example of SQED, the d, = 0 conditions usually
fix a number of constraints on the values of |¢|, while modding out by G
eliminates the same number of phases.
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Note first of all that, as we had already remarked, if there is a super-
potential, it has to be invariant under complexified gauge transformations.
Indeed, since W (®) only depends on chiral superfields, the statement that it
is gauge invariant means that under a gauge transformation, all dependence
on A must disappear, for any A, in particular for a generically complex lowest
component. In other words, we act on the fields with the complexified gauge
group G¢

¢ — o
with A € C instead of a € R previously. Since W is a holomorphic function,
gauge invariance cannot be achieved using fields transforming with e

Let us now go back to the situation where W = 0 and see if complexified

gauge transformations can be nevertheless relevant. Consider the function

F= ZW,

where for simplicity we have bundled together all the fields in a single (re-
ducible) representation. Consider also a generator t of the gauge group G,
which can be taken for definiteness to lie in the Cartan subalgebra of G (by
the action of G itself any generator can be brought to satisfy this condition).
Under a gauge transformation along this generator we have

gbi N <€z>\t)z]¢] _ €i>\qi¢i,

with ¢' a positive or negative charge (¢ being in the Cartan subalgebra, its
action is diagonal on the ¢").

Under a real gauge transformation, the function F' is invariant. Under a
complex gauge transformation A = ¢4, with § € R, on the other hand, we
have

F > FP(B) =) e

Hence, the function F varies along the orbit of G¢. If all the charges ¢' are
of the same sign, then F' — 0 for § — oo or § — —oco. This means that
we are on the same complexified gauge orbit of the origin. However, for a
generic choice of ¢, this is never going to be the case, at least in any theory
that makes sense at the quantum level.

Thus, if there exist ¢'s of different sign, then I — oo for both 8 — Zo0,
starting of course from a generic configuration of ¢°. In turn, this implies
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that there must exist a minimum of F' as a function of 5. It is found by
solving

OF _ —26g; 4x . s _
33=0 = eMlad =0

i

In other words, we can gauge transform ¢ to a new value given by
Qyi = ¢ gy

so that at the extremum we satisfy the condition
> " =0.
i

This means that the expectation values ¢’ satisfy the D-flatness conditions.
Hence, at the minimum of F' along the G¢ orbit, the conditions d, = 0 are
satisfied. It can be shown that this minimum is moreover unique (from the
fact that 9?F/93? > 0). Since G¢ orbits cover all of field space, it follows
that all solutions of d, = 0 are covered in this way. That is, by using complex
gauge tranformations, we can bring any configuration of ¢ to another of ¢
that satisfies the D-flatness conditions.

Modding out by complexified gauge transformations is thus equivalent
to enforcing the equations d, = 0 and then modding out by real gauge
transformations. Indeed, in every complex equivalence class there is one real
equivalence class consisting of solution of d, = 0. An equivalent description
of the moduli space is thus

M = {¢;}/Ge. (5.19)

A completely gauge invariant characterization of M can be achieved by
considering gauge invariant monomials composed of the ¢.. Since we are
now considering complex gauge transformations, the chiral and anti-chiral
monomials must be separately gauge invariant (for instance, as we have just
seen above, ¢*¢ is no longer gauge invariant). The moduli space M can be
parametrized by holomorphic (chiral) gauge invariants, possibly subject to
algebraic conditions among them. More precisely, the chiral gauge invariants
have the structure of a ring, called the chiral ring, with a number of invariants
being the generators of the chiral ring. This number (modulo the possible
relations among the generators) defines the dimension of the moduli space.
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As an example, we go back to massless SQED. We see that under U(1)¢
the scalars transform as

¢ —zh, b 2o,

and we can always set ¢ = gz~§ (with a left over Zs gauge symmetry for z = —1).
The gauge invariant description of M is given by the chiral invariant ¢g.
Hence we determine that for massless SQED M = C.

As a last remark on moduli space, we note that it is straightforward to
revert to a theory with a non-trivial superpotential W (®,) # 0. Indeed, the
F-flatness conditions f, = 0 are already covariant under G¢, and hence the
moduli space just becomes

Mz = {¢L: fI =0}/Gc. (5.20)

5.3 The example of SQCD

We discuss now a specific example of a non-abelian gauge theory with matter,
which is the supersymmetric version of QCD, thus called Super-QCD or
SQCD for short. It consists of a SU(N.) gauge group, where N, is the
number of colors, and Ny flavors, that is N chiral superfields Qf, with a =
1...N.and ¢ = 1... Ny, in the fundamental representation N, of SU(N,),
together with another Ny chiral superfields QZ, with 7 = 1...N¢, in the
anti-fundamental representation N, of SU(N,).
Note that the generators of SU(N,) in the fundamental and anti-fundamental

representations are related by

Nc a Nc a
(TN, = —(TN)e A=1...N?>—1.

The Lagrangian for SQCD is then simply

L — /d28d29_ (Z Qi€2ngi +ZQ5€_2‘WQ:€>

1

—%/d% tr WW,, — g*/d% tr W We (5.21)

+ / d*0 m'QL Q% + c.c.
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The quadratic superpotential in the last line is the only renormalizable one
we can write. In the following, we will often consider the limit of massless
SQCD, that is we will set m?; = 0.

It is instructive to consider the global symmetries of the theory above.
There is a large group of such symmetries. Indeed, when acting separately
on the indices i and 7 of Q and Q, we see that independent unitary transfor-
mations leave the kinetic term invariant. This is the end of the story if the
mass term is absent, while in its presence the symmetry group is smaller, as
we will review shortly. Hence we have the full group U(Ny)q x U(Ny)g as
global symmetry of massless SQCD. It is usually written as

SU(Nf)Q X SU(Nf)Q X U(l)B X U(l)A, (522)
where the action of the baryonic U(1)p is given by

Qi — eina
Q’L _> e*ZOlQ’L’

and the action of the azial U(1)4 by

Qi — €in>
Qz = eiaQi

The names “baryonic” and “axial” are given in reference to the similar global
symmetries existing in QCD.

5.3.1 R-symmetry

In SUSY theories, there is yet another global symmetry, intimately related to
SUSY itself. Consider for instance a pure SUSY gauge theory, i.e. without
matter chiral superfields. From a non-SUSY point of view, it is a sort of
QCD theory where the matter is a fermion in the adjoint representation.
The action is clearly invariant under the global U(1) which rotates A — €™\
and keeps, obviously, A, fixed.

However, from the point of view of the real superfield, this U(1) rotates
differently the different components of V', and thus of W,. This is in contrast
to the previous global symmetries that acted on the whole chiral superfields.
For instance if

Q = q+ V260, + 62f,,
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then the action of, say, U(1)4 on the components is
q — eiaq7 wq — equa fq — eiaf(I'

On the other hand, the gaugino superfield that we can schematically write
as W= \+0F,, + ... will have a definite transformation law W, — €W,
under the U(1) rotating the gaugino only if we postulate that under this U(1)
also the superspace coordinates ¢ transform non-trivially,

0 — e™0.

Note that V is left invariant.

Such a global symmetry is called an R-symmetry. Is the gauge kinetic
part of the Lagrangian invariant under the U(1)gr R-symmetry? Note first
that if § — €'*0, then for the differential the opposite is true, df — e~*“d#,
because of the relation [ d?0 6> = 1. We then observe that

/ %0 tr WOW,, — e 2@ / d*0 e tr WW,, = / d*0 tr Wew,,,

that is, R-symmetry is a symmetry of the gauge Lagrangian.

As for the chiral matter superfields, we can assign them an arbitrary
overall R-charge, as the latter can be anyway changed at will by redefining
the R-symmetry by linear combinations involving U(1)p and U(1)a. If we

assign them a unit R-charge, often denoted by R(Q)) = 1 and R(Q) = 1, we
see that as superfields they transform under U(1)g as

Q — €°Q,
Q — 0.
It looks very much like the axial symmetry U(1)4, however we have to pay

attention to the different transformation laws of the components, for instance
for ) we have

qg— e, Yyt [y ey

and similarly for Q.

We have to note here that, as in QCD, a linear combination of U(1) 4 and
U(1)r (as we have just seen, the latter is also “axial” in the QCD sense, as
far as the fermions are concerned) will be anomalous, i.e. the path integral
measure is actually not invariant under it.
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To conclude this discussion on global symmetries, it is easy to see that a
mass term as written in the last line of preserves U(1)p and the U(1)g
as given above (note that a superpotential has to have R-charge R(W) = 2
in order to preserve R-symmetry), while it breaks U(1)4 and SU(Ny¢)g X
SU(N f)Q' The latter is completely broken generically, but a subgroup can
survive for specific choices of the mass matrix. For instance, if m'; = 07,
then SU(Ny)q x SU(Ny)g is broken down to SU(Ny)diag, i-€. the diagonal
SU(N;) which acts simultaneously on @ and @ (in the fundamental and
anti-fundamental representation respectively).

5.3.2 The classical vacua of SQCD

We can consider the classical vacua of SQCD, and we stress on “classical”
because at the quantum level the story is different, much interesting, but
very much beyond the scope of this chapter (and these notes).

In presence of mass terms, the f-terms impose

mZzQZ =0, mi;fo = 0.

If we assume that the matrix m is invertible, then we have to set Q¢ = 0 = Q.
There is only one vacuum at the origin.

It is clearly more interesting to consider the case of massless SQCD, where
m = 0. The D-flatness conditions read

3 QUT) QY QLT QL =0, (5.23)

for A=1...N2—1. The generators (T4)", are traceless hermitian matrices.
We can then label the index A by the N? couples of indices cd (with one
redundancy):

1
(T, = o2 — -5y

Indeed these generators are traceless, (19)? = 6¢ — ¢¢ = 0. We can rewrite
then the D-flatness conditions as

;QZQ? -2 4 0 = Niagc, (5.24)

c

where the constant ¢ is given by

= Qi - Qs



108 CHAPTER 5. SUPERSYMMETRIC GAUGE THEORIES

One can then solve for the moduli space, but things change slightly as we
change the number of flavors, according to whether Ny < N, or Ny > N..
Let us just consider here the case with Ny < N, where there is a simpler
description of the moduli space M.

The only gauge invariants that one can write are

i _ A a
Mi_Qa i)

which are usually referred to as mesonic operators, though as far as the
lowest components of the superfields are concerned, they really are squark
bilinears (and not quark bilinears as are the real-life mesons of QCD). It is
only these squark bilinear “mesons” that can acquire a VEV (M}) # 0 in a
SUSY vacuum.

Since all of these operators are independent, and the matrix M} can be of
maximal rank (because N, > Ny), it results that they parametrize a moduli
space of complex dimension N7.

Now, for generic VEVs of M/, also the squarks Q)¢ are generic, and hence
we are specifying Ny different directions in SU(N.). The remaining gauge
symmetry keeping those directions fixed is then SU(N. — Ny).

By the Brout-Englert-Higgs mechanism, the gauge bosons in the broken
part of the SU(N,) gauge group acquire a mass by “eating” a scalar, to be
found among the lowest components ¢;, ¢ of the quark superfields. Actually,
since a massive vector supermultiplet contains also a massive scalar (in ad-
dition to the longitudinal polarization of the vector), one complex scalar is
eaten and becomes massive for every broken gauge generator. More gener-
ally, we had already seen early on that a massive vector supermultiplet is
the result of the composition of a massless vector multiplet with a (massless)
scalar multiplet.

The number of broken generators is

N?—=1—(N,— Ns)?+1=2N.N; — N}

and hence the same number of chiral superfields must become massive. We
are left with

2NNy — (2N.Ny — N7) = N}
massless chiral superfields, whose lowest components are exactly the ones
parametrizing the moduli space.

Note that the global symmetries are broken by a generic VEV (M}) # 0
to the subgroup consisting only of U(1)p. For specific choices of the VEVs
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we can still have a larger global symmetry which survives, as for instance for
(M]y = M6} where we still have SU(N)giqg unbroken.

In the former, generic case, all massless modes but one are Goldstone
bosons. When a larger symmetry group is preserved, as in the latter exam-
ple, fewer of the massless modes are Goldstone bosons. Thus a moduli space
is generically larger than the space parametrized by Goldstone bosons. This
was to be expected since it is obvious from the above considerations that
the moduli space of SQCD is non-compact, while the space parametrized by
Goldstone bosons is compact, being it associated to broken compact symme-
tries.

5.4 A brief look at the MSSM

We close this chapter with a very brief description of the Minimal Supersym-
metric Standard Model, usually referred to as MSSM. It is indeed a specific
case of a gauge theory with matter like the ones considered in this chapter.
Here we will only review its field content and the tree level supersymmetric
couplings.

The key word in MSSM is “minimal”. The MSSM is directly obtained
from the Standard Model (SM) by introducing SUSY partners to every par-
ticle in the SM spectrum. There is one exception which is the Higgs sector
which, for reasons that we will explain below, we need to extend a bit further
with a second doublet.

Let us start with the gauge sector of the SM. We will have real superfields
with gauge group

The fermionic superpartners to the usual gauge bosons are the gluinos, Winos
and Bino. (One usually talks about Winos and Bino because in real world
those are expected to have masses larger than the electroweak scale. Hence
by the time we have a Z boson and a photon the fermionic superpartners are
long gone and it makes no sense of speaking of a Zino and a photino.)

As for the fermionic sector of the SM, we associate to each fermion a
chiral superfield. It results that there will be scalar partners for all the
fermions, they are collectively called sfermions and more specifically squarks
and sleptons.

We have then the following chiral superfields, with charges under the
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gauge group
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The index 7 = 1, 2, 3 is the family index, and since we have written all chiral
superfields, their fermionic component is always a left-handed Weyl fermion.

Note that each family is a complex, reducible representation of the gauge
group. The fact that it is complex means that supersymmetric mass terms
cannot be written, just as one cannot write mass terms for the fermions in
the SM (before electroweak symmetry breaking of course!). The components
of the chiral superfields read, for example

Qi = ﬁi+\/EQQi+--~,

U = 4 +V20u+...,

where ¢; and u; are squarks, ¢; are the left-handed quarks of the SM, while
@; are the right-handed quarks of the SM, more usually written as ;. All is
exactly similar for the (s)leptons.

We now turn to the Higgs sector in order to write the supersymmetric
version of the Yukawa couplings of the SM. The Higgs field will also be part
of a chiral superfield in the 2 of SU(2), and it will be the lowest component.
The Yukawa couplings will directly descend from the superpotential. How-
ever, we immediately realize that in order to be able to write all the needed
couplings in a holomorphic way, we need two Higgs doublets, with opposite
U(1)y charges:

W = X, HL;é; + \HQ;Dj + NS HQ, U,

J J J

with the charges given by

H (1,2,—3) (5.26)
H (1,2,+1)

In the SM we could use H* instead of H but here using the anti-chiral
superfield H is not allowed by SUSY.



5.4. A BRIEF LOOK AT THE MSSM 111

Of course, H and H also have fermionic partners, the higgsinos. These
fermions have the same gauge charges of the superfields to which they be-
long, and so we see that we need a pair of charge-conjugate Higgs superfields
anyway otherwise both U(1)y and SU(2),, would have anomalies at the quan-
tum level. (Indeed it can be proven that an SU(2) gauge theory with an odd
number of fermions in the 2 is not consistent at the quantum level.)

Within the Higgs sector, the only renormalizable coupling we can write
is

W' = puHH.
Note again that we can only write such a SUSY mass term for the Higgs if
we have two doublets.

There is also a quartic coupling involving the Higgs scalars in the MSSM
Lagrangian due to the d-terms, its coupling being therefore proportional to
the gauge couplings. However notice that, after solving for the f- and d-
terms, we have a Higgs potential given by
2

Vi o |uf? (IH?2 + | 02) + g* (|1H - | ]?)

Thus H = 0 = H is always a stable solution.

In order to break SU(2)r x U(1)y to U(1)em one is forced to introduce
SUSY breaking terms that make the squared mass for H and H negative.
Thus electroweak symmetry breaking and SUSY breaking are intimately re-
lated.

One last remark on the MSSM is that there are a lot of potentially danger-
ous terms that one could add to W, allowing processes violating baryon and
lepton numbers (and eventually leading to fast proton decay), for instance
terms such as DinLk, L;L;ey, or DzDJUk These terms are avoided if we
assign R-charges to superfields in a way that SM particles all have vanishing
R-charge:

so that for instance R(q) = 0 and the R-charge of the scalar Higgs which be-
comes the SM one is also zero. The continuous U(1)g is broken, for instance
by the u-term, but a discrete Zs subgroup survives, called R-parity, and it is
enough to prevent the dangerous terms in W to appear.
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Chapter 6

Radiative corrections and
non-renormalization theorems

In this chapter we finally address the question that was the main motivation
in considering supersymmetric field theories: the claim they have a “softer”
behavior under renormalization, i.e. there are cancellations among quantum
radiative corrections. This is crucial for instance to ensure the protection of
hierachies in the MSSM.

One way to proceed would be to take a SUSY action in component fields,
compute radiative corrections as in an ordinary field theory, and find that
upon summing different contributions, miraculous cancellations occur. Those
will clearly be due to the fact that we have identified several different cou-
plings, such as the quartic scalar ¢* couplings and ¢y7) Yukawas, or gauge
couplings and ¢\ Yukawas.

Another way to proceed is to take profit of the manifestly SUSY formalism
of superspace and superfields. The idea here is to compute directly radiative
corrections to superfield propagators and vertices. The cancellations will be
automatic in this formalism. It is the latter route that we will employ.

6.1 Superfield propagators

For definiteness (and simplicity), we will consider only the theory of a chiral
superfield, i.e. the Wess-Zumino model.

In order to write the propagators of a theory, one has to consider only

113
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the part of the action that is quadratic in the (super)fields

S:/d4x (/d29d2§ <I><I>+%/d20 m©2+%/d29—m§>2>, (6.1)

where we have taken the mass to be real, m* = m for simplicity. Then, it
is a matter of taking the “inverse” of this quadratic kinetic term. All these
notions can be clearly summarized in the path integral approach to quantum
field theory, and we will review the relevant steps in the process of deriving
the superpropagators below.

We will derive the superpropagators in two different ways, in order to
foster confidence in the final results. Firstly, we will make use of the known
propagators of the component fields. Secondly, we will formulate the path
integral directly in terms of the superfields.

6.1.1 Formulation with component fields

The action (6.1]) in components reads

S = /d4x (8M(/§8"¢* — a0 + ffF 4+ mof +me*fF — %m@/)w — %mzﬁzﬁ) .

(6.2)
It can be recast using matrices that summarize both the bosonic and the
fermionic kinetic terms

s = faedco () (1) 63

e o (700 s ) (5}

Then, the various propagators are the entries in the inverse matrices of the
ones appearing in the expression above.
Let us recall that the Green function for a scalar (Klein-Gordon) field is
defined as
(=0, — m?)A(z,2) = i6*(x — /).

It is usually represented simply as
i
00— m2

Az, o) = 5z —2).
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Most notably (and possibly more familiar), its Fourier transform then reads

< i
Alp) = PR
When more fields are present, with non-trivial kinetic matrices, the prescrip-
tion to compute propagators from the path integral is the following.

Given that the generating functional for Green functions is

213,77 = [[aje ke ere, (6.4)

where we have written schematically S = [ ¢K¢*, the Green functions are
evaluated as

J=J*=0

(Olg(x)9(2')[0) = %/[D¢]¢(x)¢*(x')eif(¢K¢*+J¢+J*¢*)
1 ) )

(6.5)

Z 6id(x) 61T (2) 7| ey

The propagators (or two-point functions) are thus easily obtained by just
performing the Gaussian integral (6.4])

Z[J, J*| = Ne S IKHT (6.6)

(N is the normalization constant coming from the fluctuation determinant),
so that

(0l¢(x)e" (2)]0) = ik (6.7)

We thus have to invert the kinetic matrices. For the bosonic one, we have

KB_(m 1) = KB__D_m2<_m —D)’ (6'8)

while for the fermionic one we have

([ —ig*d, —m 9 1 —i0*0, m
Kp = ( -m  —ict0, ) = Kp = —0O0—m2 m —ict0, |-
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From the entries of the inverse matrices above we can read the two-point

functions, or propagators, of all the component fields. These are:

N 1
(Op(z)p"(2)[0) = _D—_mg(S%C — '), (6.10)
OB E0) = —S (e~ ) (6.11)
—0O — m?2 ’
* By, —im 4 /

(O]¢"(z) f*(2")]0) = g (z — '), (6.12)
O[f (@) f*(@)]0) = —=——d'(x—2), (6.13)

— 0O —m2

OF @ @)0) = Tk gi(e o), (6.14)
Oa(z)da@)0) = —Zo6% sy g, (6.15)
Olga(@? (@)0) = —O2_5t(z — o), (6.16)

(O[5 (@)dy(a)]0) = ——L—5*(x —2). (6.17)

Notice in passing that, since we are using Weyl fermions, we have several
different fermionic propagators. In particular, note that the chiral ones (the
last two) are actually vanishing for massless Weyl fermions.

Armed with the above two-point functions, we can now compute super-
field correlators, just by decomposing them:

(0] (y,0)2(y',6|0) = (0l(p(y) + V20u(y) + 6° f(y)) -
(D) + V200 () + 07 F(y')]0)
= 07(0l6(y) f(y)|0) + 67(01 () ()]0}
+20°075(0¢a ()¢ (¥)|0)

1
_ 12 2\(_ - /> de
= [(0 +6%)( @m)+2092m] ——D—m26 (y—1v)
1
O_m2

= —im(0 —0')? Sy —19). (6.18)
Now notice first of all that (§ — 6’)% can be rewritten as §%(6 — ¢’). Indeed

/ d20F(0)(0—0')2 = / d20(a+0b+6%¢) (0> —200'+0"%) = a+0'b+0"c = F(¢),
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which is the correct behavior for a Dirac delta-function (on G-odd variables).

A second point to be noticed in is that the spacetime delta-function
has actually the chiral coordinates as argument. One way to obtain a more
familiar Dirac delta is to recall that the Taylor expansion can be recast simply
as the exponential of a derivative. For instance

F(y) = F(z 4 i006) = "% F(z).
Hence the propagator (6.18)) can be rewritten as

— — . a_p! ~1p! ]_
(01D (2,0,8)B (2", 0, 7Y|0) = —ime 07070 L
(6.19)
There is however another, possibly more interesting, way to rewrite the
above propagator. Let us first notice the identity
DG — )2 = 4.

Indeed D, acts trivially on #’. We can then perform the following chain of
identities

(0 0VF(y—y) = —(0-0VIDE—0VIF—y)
_ —EDQ[(Q — 00— 0V F(y—y)
— D0 - )0 8)Flx - o)

In the second equality we have used that DA = 0 = Dy, while in the third
equality we have used that

y—y =x—2a' +i0ol —i0'ocd =x—2' +i(0 — )00 +i0'c(0 — )

and the fact that (§ — )3 = 0 = (§ — §')>. Using the above, we can rewrite

D) o

i i S
(0|®(x,0,0)0(x/, 60, 6)[0) = - D?

1 —|:|——77’L262(9 — 0,)52(9 — 0,)(54(1' — ZL',).
(6.20)

Writing it in this way, it is also obvious that it is a propagator for chiral

superfields, since acting with D it necessarily gives a vanishing result because

D?=0.
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Similarly, we also get

(08 (x,0,0)8 (', 0/, )[0) = - D?—

D 3%(0 — 0)5%(0 — )3 (x — o).
-0 —-m

(6.21)
We can now compute the remaining propagator

0|®(z,0,0)®(«',0',0)]0) = (0]B(y,0)D(¥,6")0)
= (0l(o(y) + V20 (y) + 6° f (y ))
(@ (F) + V2007 ) + 07 f*(7))|0)
- [1 +20°0%(—io™,0,) + 020°(—0) | -

l

: Sy — 7
530 W= 7)
__—2ifc*0') i 4 —t
= Tty —y)  (622)
_ ei(90“9_+0’a“9_’7290'“6’_’)6u i 54(33 _ ]71).
—0 — m?

We can perform a similar trick to the one used for the chiral propagator. We
write

HITIN(y i) = (D0~ BVl IRy — i)
= D[0P Ry )]
_ 1_16[)2 [(D'2(9 —0)) (0 — )2 20" 0y — @’)}
— % DD |92(0 ~ 0)8%(0 — 0" "% F(y — )|
_ 1_16 DD [62(0 — 0)6%(0 — 0 F(z — 2/)]

where we have used that
e 200 p(y — ) = F(z — 2 + 000 + it ol — 2i000)
Flx — a2 +i00(0 —0') —i(0 — 0')al)).
Eventually, the propagator becomes
1

Lpepe 1

(O]@(z,0,0)@(x',0/,0|0) = 75 oo
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Again, one can read directly from the propagator that the superfield in x is
chiral while the superfield in z’ is anti-chiral.

Thus, we have obtained in (6.20), (6.21) and (6.23) all the propagators

for the theory of a chiral superfield. We now turn to derive the same prop-
agators in a formulation where even the path integral is expressed in terms
of superfields.

6.1.2 Formulation with superfields

It is instructive to rederive the above propagators directly from the action
written in superspace. However attention must be paid to the fact that parts
of the action are integrated over just half of superspace.

We thus now write the action for a chiral superfield, coupled to sources
J and J which are respectively chiral and anti-chiral superfields themselves:

DsyJ =0, D.J =0.

The action is

= / it { / 20020 B + / PO(Emd* + JB) + / P(Emd? 1 J3)| .
(6.24)

In order to convert it to an expression involving only integration over all of
superspace, we take profit of the following identity:

D*D*® = e DyDsDyD®
= Pe(=DaDsDyDa® + 2i0" ;D4 Dad, D)
= 6“’86@’8(—22'1_?0;1)50558“@ — 405[30;@8“8”@)
S BV N P Ry P TR 7
= *Pe (40a506d 40550%)8#81/(1)
= —8(0"5"),"0,0,P
= —1600.

We can thus write, allowing for a (temporarily) non-local expression

1 - 1
d=—-——D’D>—.
16 O
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Now we can use the familiar substitution D* = —4 [ d?@ to eventually write

_[- 1 _D? 1 -D?_. 1. D2 1-D2

_ 4 2 2 - = - = Iy “H__
S-/dmd0d0[®<1>+8mcl>m<I>+8m(I>D<I>+4<I>DJ+4¢>DJ].
(6.25)

Using matrices, this is

_]_ _ mD2 1 @ _ D—2J
S:/d4xd20d28[—(<b c1>)<4D mQ)(_>+(q> @)(4@)]
2 1 =B P D2

(6.26)
The kinetic matrix and its inverse are thus
mD? mD?
mD=  q _ O —1
40 40

m2D2D?
1602

We have used for instance that
Hence, if we define

= _TmQ on anti-chiral superfields.

eiW(J,J) — /[D(I)]eiS(@,@,J,J)7

we obtain by performing the Gaussian integration

1 o 0 mD? -1 D_2J
4, 120 12 2 2
W= - [dtadors (2 ?—a”_m—_mQ< 4 "332)(%)
1 I 1 —mJ —iD2J
4,120 12 2 2 S
= —/dxd9d0§(f—DJ f—DJ)_D_mQ(_}lDQJimJ)
i 11 1 D
. A, 2p2p (7 - -mJ——
= /dxd0d9< J_D_mzj+2mJ_D—m24D
1 - 1 D*.
+§mJ—D - m24_EIJ> ' (6.28)
_ 1 .
= /d4x {/dQQdQQ(—J—J)
—0—m?2

1 1 ~1 - 1 _

We can find the correlation functions for the superfields by taking func-
tional derivatives of W with respect to iJ and iJ. However note that there
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is a slight subtlety in taking a functional derivative of a chiral superfield. A
good definition is

0 _2_/4_/__1*22_/2___/4_/
5oy ) W) =00 =)0y —y) = = D60 = )6°(0 = )9 (x — ).
(6.30)

Indeed, applying this rule, we have
é%/ﬁ%fegfzz—i/ﬁ%fe@@ﬁﬂﬁﬁw—ywﬁé_@mﬂx_f)

= /d4xd20d29_ d(y,0)0%(0 — 0)6*(0 — 0')0*(x — 2')
= Oy, 0).

Using the shorthand & = ®(y/,0’), we then compute the propagators. The
chiral propagator is

5w
5 0i g€

6 ]- -/

= —zwm—_m_mﬂt]

7@ 1 N252(n _ oNS2(0 _ ONS4( 0 o
= 4—_D_m2D5(0 0")0%(0 — )% (z — '),

(0]@2'10) =

exactly reproducing (6.20). As for the chiral-to-anti-chiral propagator, we
get

b
5iJ 0T

0 1 1 o0,
= ZW (——D _m2<—1D )ZJ)
7 1

:.E_E__3D%ﬂﬁw—ﬂmﬁ@—@wﬂx—f%
—U—-—m

(0/29]0) =

again in exact agreement with .

Before going on to compute the radiative corrections, let us perform the
Fourier transform on the spacetime coordinates. (Note that we will not
attempt here to also perform a Fourier transform in the G-odd coordinates,
though in some instances this could be of interest.)
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In momentum space, the propagators read:

, i o
(0] (p, 0,0)2(—p, 0, 6)[0) = %

: I p? E ’E p76 ’E C m

where now of course in D and D we have replaced 9, by ip,,.

D*D”8%(0 — 0)6%(0 — 0'), (6.32)

6.2 Some radiative corrections

We are now able to compute quantum radiative corrections, which appear
as Feynman diagrams including loops. Before establishing a theorem that
will constrain such corrections, we will consider radiative corrections to some
selected quantities to get a feeling of how supersymmetry and superspace
techniques facilitate such computations.

Let us first compute the corrections to the propagators themselves.

A diagram with a loop inserted inside a (®®) propagator involves two
cubic vertices of the type

A
/ d*zd*0 §<I>3(y,9). (6.33)

Note that both vertices should be chiral, in order to tie correctly with the
chiral superfields at the two ends of the (corrected) propagator.

As usual in perturbative quantum field theory, for instance from the path
integral formulation, one has to bring down the vertices in the correlation
function, and integrate over the momentum running in the loop. Going to
the Fourier transform, we obtain for the corrected propagator
1

3 / d*ze @) (0|D(z,0,0)D (2", 0, 0)i / d*z,d*0, %@3(951,91,6_1)-

'i/d4l’2d202 %@3(1’2,02,6_2”0) ==
1

p2_m2

= —2)\? / d%d%d?eg% D?*6%(0—6,)5%(0—0,)-
m 1 _ ~ —m 1 _ _
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m 1 = 2 — _

ZpQ——TnQD, 52(02 — 9,)52<02 — 9,)
We can concentrate on the central part (which actually corresponds to the
amputated diagram, i.e. all that we need to compute the corrections). Recall
that §%(0; — 6,) remains as a factor in the internal propagators, and in the
expression above it will appear twice. Hence, since (0, — 63)* = 0 because
of the G-odd nature of the superspace coordinates, the whole expression
vanishes and there are no corrections to the (d®) propagator.

This result amounts to stating that the mass parameter appearing in the
superpotential is not renormalized. As we have just seen, this is automatic
in superfield language. In components, the same result would be seen as a
cancellation between two types of one-loop corrections to the scalar prop-
agator: a seagull diagram with a scalar loop and a quartic vertex, against
a diagram with a fermionic loop and two Yukawa vertices. The cancella-
tion occurs because of the relation between the couplings of the two kinds of
vertices.

A completely similar vanishing result is obtained for the one-loop correc-
tion to the (®®) propagator.

On the other hand, the (®®) propagator is a different story. Let us
consider a one-loop diagram similar to the one considered previously for the
(®P) propagator, however now one vertex is chiral while the other is anti-
chiral. As a consequence, the internal propagators are also of (®®) type.
Let us compute the correction, focusing on the amputated diagram where we
have dropped the two external propagators. After bringing down the vertices
and going to Fourier space, we obtain a contribution proportional to

e [ g ppl I —g 0. 0 1 foroe

22 /d k01 d 0216 77—z D100 15 1~ — e D120 =
— —2>\>\*/d4]{3d201d292 ! 1 6_(010-“91+020—”§2_2010—N§2)pu
K2 —m?(p— k)2 —m? ;

where in the first line we have used the shorthand 6,5 = 6%(0; — 6)6%(0; — 03)
and in the second line we have used the expression appearing in . It
is easy to convince oneself that the above expression will contain a non-
vanishing, logarithmically divergent term proportional to p? (for instance, by
bringing down twice the last term in the exponential). This divergence will
be compensated by a counterterm which contributes to the wave function
renormalization of the superfield ®. Indeed, it was expected that such wave
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function renormalization would take place. In components, we would expect
indeed from, e.g., the action for the scalar multiplet non trivial wave
function renormalization Zy and Z,. What supersymmetry tells us is that
there is a single function (of the couplings) that renormalizes all the fields
Zy = Zy # 1.

Let us consider other graphs that yield vanshing contributions. For in-
stance, take a “tadpole” graph with only one external ® line, and a loop
attached to it. The only vertex is chiral, and the internal line in the loop is
necessarily of (®®) type. However it is a two-point function evaluated at the
same point, in particular at § = @', § = #'. Since §*(0 — 0) = (0 — 0)> = 0,
the internal propagator is

<0|q>(p, 97 é)q)(—p, 97 §)|0> = O,

it vanishes identically, and so does any tadpole diagram.

Next, we can consider the (one particle irreducible) one-loop correction
to the cubic vertex. Since all external lines are chiral, all three vertices are
also chiral, and then all internal propagators are (P®) too. The correction
to the amputated graph is proportional to

. 3
1 1 1
43 4 2 d2 2 @ ‘
)\/dkdel 92d93(4 k?_m2(p—k')2_m2<k_q)2_m2

D615 D615 D263,
It is now a simple matter to see that
5%512[7%(513[)%523 [0 ¢ (91 - 92)2<91 — 63)2(92 - 03)2 - (91 - 02)4(92 — 63)2 - 0

This means that there are no radiative corrections to the ®3 vertex. It
implies that there is no renormalization (at least at one-loop) of the coupling
constant A. In other words we have that Z, = 1, in the same way as we
also had Z,, = 1. Of course the wave function renormalization affects the
normalization of the vertices and of the physical mass, but supersymmetry
imposes that there is no extra “intrinsic” renormalization of the couplings
appearing in the superpotential.

As a last example, we consider quantum loop corrections to the vacuum
energy (which of course is vanishing classically). At one loop they all vanish
for the same reason as tadpoles (they involve a two-point function evaluated
at the same point). At two-loop level we have one potentially non-trivial
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diagram, with two vertices, one chiral and one anti-chiral, and three (®®)
propagators between them. We now integrate over two different loop mo-
menta. The contribution is proportional to

. 3
) 1 1 1
AN [ dpd kd?0,d%0, [ = :
/ b ! 2(16 p? —m?2k2—m?(p+ k)% —m?

-DiD;auDiD]%(SlgD%p,szpfkfsu =

.\ 3
7 _ 1 1 1

=4\ [ — d*nd*kd?0,d>0 .

(16) / p ! 2p2—m2k‘2—m2 (p+ k)2 —m?

0910’“9_1+920’“9_272910’“@2)(pu+k'u7p“7k#)

.67(

. 3
i 1 1 1 _
=4\ [ — d*pd*k /d20 d*0y 1 = 0.
(16) / p p? —m?2k2—m?(p+ k)% —m? 17

Thus we see that the vacuum energy is still zero at two-loops. This is reassur-
ing since a non-zero vacuum energy would mean that supersymmetry itself is
broken by perturbative quantum corrections. Let us now try to systematize
these results, also to see if supersymmetry is powerful enough to prevent
corrections to some quantities at all orders in the perturbative expansion.

6.3 General results on renormalization

In order to derive systematic results on the renormalization of SUSY the-
ories, we need to develop some more formalism, eventually leading to (su-
per)Feynman rules that will help in considering generic diagrams contributing
to radiative corrections.

Let us first recall the theoretical framework in which Feynman rules are
usually derived. The trick is to define correlators in the interacting the-
ory in terms of correlators of the free theory, as follows (below, we will be
schematical and call ¢ a representative field):

(9P )it = / [De)(d6 . .. )eiSotiSm(9)
= / [D¢](p6h . . . eiSint(¢)> et

= <¢¢ cee eiSint(¢)>freea
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where S is the (quadratic) action of the free theory.
We now recall that in the free theory, where we define

GWol) _ / Do)

the correlation functions are evaluated as

(@ Ve = /[D¢](¢m)€iso(¢)

_ 0 1So(¢,J)
= <5iJ'”> /[ng]e

_ 0 iWo(J)

= <5iJ .. ) e .

Then, we can define the functional W (the generating function for the con-
nected Green functions) for the interacting theory as

eiWint(J) _ /[Dd)]eiSo((ﬁJ)—i-iSint(@ — /[D¢]6i5int(¢)€i50(¢’J)

<eiSint(¢)> lsmt(%)ezw()(‘])

free — €

The effective action I'(¢q), i.e. the generating function of the amputated one
particle irreducible Green functions, is then obtained by taking the Legendre
transform of Wi, (J), where we substitute ¢o = %—Vy.

In practice, we will compute the correction to a free correlator at nth
order in the couplings by evaluating

(0 5O Niwe = (505 (s%)) G (634)

When computing contributions to the effective action I'(¢¢), we must insert
classical fields ¢, where the amputated external propagators used to be in
the expression above, and then integrate over the position of such insertions
(or, in Fourier space, integrate over the external momenta).

Having summarized the general framework for perturbative computations
in quantum field theories, we now apply it to our SUSY field theories.
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6.3.1 Super-Feyman rules

In order to derive Feynman rules for the SUSY field theory of the Wess-
Zumino model, we need to see how does the cubic vertex (6.33)) enter in the
loop graphs.

In particular, referring to , we will need to evaluate

. o o . D3 D3 D3
ZSint(ﬁ)Zlejgljg = 2Z/d4$d204 A (—Il) 514 (—IQ) 524 <—IB> 534

_ D3 D3
= 2i/d4$d294d294 A <—Tl> (514 (-f) 524634.

We have labeled the fields by their spacetime point, we remind that d;5 is
a Grassmann Dirac function on all superspace coordinates, and in the last
equality we have traded a D? for an integral [ d0.

When computing amputated corrections, we should make sure that we
drop a complete propagator for every external line. Such a propagator always
has a D?§ corresponding to it. (Eventually, we must replace each external
propagator with a classical superfield.) Then, we learn that the D? that we
have eliminated in the expression above has to be the one corresponding to
an internal line. As a consequence, the rule must be that for every vertex
there is a D? acting on all but one of the internal lines.

For stating the Feynman rules, it is thus more convenient to associate
the action of D? (or D? for anti-chiral vertices) to the vertices themselves
rather than to (internal) propagators. We use then the Grisaru-Rocek-Siegel
propagators, which are the ones appearing “naked” in Wy(J), see :

im  D?
o, D = —— L6, 6.35
(@1®P2)crs 22— 2 1p? 12 ( )
- i
(D1Dy)grs = p2——mz512' (6.36)
Then, in order to compute terms in the effective action:
e For every chiral vertex we associate a factor of 2:A and a —% acting

on all but one internal (GRS) propagators attached to the vertex.

e For an anti-chiral vertex, we associate a 2i\* and distribute —DTQ on all
but one internal propagators attached to it.
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e For both kind of vertices, we integrate over all of superspace [ d*§d*6.

e We multiply chiral or antichiral superfields where every external line
used to be, and integrate over the external momenta.

e Finally, we integrate over all loop momenta, and take care of the com-
binatorial factors.

(As usual, it is very important to remind oneself of the path integral from
which the Feynman rules were derived in order to get all factors and signs
right in any specific correlator...)

Let us stress that the important point in the Feynman rules above is
really that we integrate over all of superspace at every vertex. The reason is
that this will allow us to integrate by parts any SUSY covariant derivative
at any vertex, thus making it possible to shift the action of D? and/or D?
from one propagator to another.

6.3.2 Non-renormalization theorem

With this Feynman rules, we can now prove a general theorem on renor-
malization. Given the rules above, any contribution to the effective action
(we are considering amputated one particle irreducible graphs) will take the
following form.

There will be [ d?0d*0 integrations at every vertex, and all propagators
have a (D?)*(D?)!615 or a (D?)¥(D?)!'6,, factor, where both k and [ are either
0 or 1.

The fact that we have written the vertices with a [ d?9d?0 integration
allows us, as advertised previously, to perform integrations by parts and
move the D? and D? from one propagator to another (of course, distributing
them according to the Leibniz rule).

Suppose now that we choose one specific loop in the graph. By (Grass-
mann) partial integrations on every successive vertex along the loop, we can
remove all the D? and D? to only one of the propagators composing the loop,
let us say for definiteness the one between the first two vertices. Noting that
we can lower the number of SUSY-covariant derivatives by using expressions
such as D?D?D? « OD?, we will eventually arrive at an expression like

/ d*0,d*0y . .. d*0,, 03034 . .. 0p1 (D*)*(D?)'61y = / d*0,d*0y 515(D?)*(D?)'615.
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Such an expression is non vanishing if and only if £ =1 = 1. Indeed, if either
k or [ is larger than 1 then e.g. D* = 0, while if either £ = 0 or [ = 0 we will
have e.g. (6; — 62)* = 0.

Thus in the only case where we have a non-vanishing result, the contri-
bution will read

/ d*0,d*0, 6,,D2D%55 = / d0,d*05 51(...) = / a0, (...).

The end result of this procedure has been to effectively contract the loop to
one of its vertices. Importantly, attached to this last vertex we still have a
full superspace integral [ d*0; = [ d*0;d*;. The integrand is a function of
the momenta, both loop and external (which will generically enter at every
vertex, and appear in the denominator of the propagators), of #; and 6, and
of all the other Grassmann variables associated to the other vertices.

We can then repeat the same argument on another remaining loop of
the effective graph obtained in the previous step. The procedure will go on
exactly as before. Eventually, if the graph does not vanish, we will end up
necessarily with a contribution given by an expression like

/ 420420 / d'py .. dprdky ... dky Fy(p1,0,0) ... Fy(pr, 0,0)

G(p1y. s prs k1, k),

where the graph had originally n loops with their associated momenta k;,
while the functions F; are generic (Fourier transforms of) superfields de-
pending on each external momentum p;. The function G encodes all the
remaining momentum dependence coming from the (bosonic) denominators
of the propagators.

Going back to z-space, we see that the typical contribution to the effective
action will be

/d4x1...d4xk/d29d29_F1(a:1,9,§)...Fk(a:k,ﬁ,é)G(:cl,...,a:k).

This expression can of course be non-local in space-time, but (oddly enough)
it is local in the G-odd variables, and it is necessarily integrated over all of
superspace. Hence the effective action contains corrections to the d-terms,
but not to the f-terms. This is why there is wave-function renormalization

I' x g / d*zd*0d%6 dO,



130 CHAPTERI[G RADIATIVE CORRECTIONS

but no renormalization of m and A, which would imply terms like
Om / d*xd*0 ®? and Oy / d*xd?*0 ®3.

Also, the vacuum energy cannot receive corrections, since that would imply
a contribution to I' with no external superfields, that is with all F; = 1, but
then the Grassmann integral gives trivially zero. The vacuum energy then
stays zero at any order in perturbation theory.

This latter result is of course very important, it means that supersymme-
try cannot be broken by perturbative quantum effects. As we will see in the
next chapter, the only option to break supersymmetry spontaneously will be
either at tree level, or due to non-perturbative effects.

It is a simple exercise to revisit the previous examples of radiative cor-
rections using the Feynman rules of the present section.

The one-loop correction to the term with two external chiral superfields ®
in the effective action will be computed by writing the same diagram, putting
a D? on both internal (®®) lines, and also a D? on each line from both ver-
tices. Integrating by parts, we end up (being careful to which Grassmann
coordinates the supercovariant derivatives act upon) with an expression con-
taining [ d?0d?0®(x,0)? which gives just a boundary term in the effective
action. An exactly similar argument can be given for all one-loop diagrams
with only chiral external legs, thus proving that there are no corrections to
the superpotential in the quantum effective action.

Instead, the one-loop correction to the term with ® and ® external legs
can be evaluated by putting a D? on one line from the chiral vertex, and
a D? on the same line (or the other, and then integrating by parts) from
the anti-chiral vertex. Here we end up with a contribution to the effective
action proportional to [ d?0d?0®(x,0)®(z,0), which is just the familiar wave-
function renormalization.

Finally, the two loop vacuum energy diagram is evaluated by distributing
a D? and a D? on two of the three lines. Then one of the two loops can
be eliminated, leaving a one-loop vacuum diagram with a propagator with
D?D? acting on it. This leads to [ d*0d*01 = 0 as before.

More details and other examples can be found in M. T. Grisaru, W. Siegel
and M. Rocek, “Improved Methods For Supergraphs,” Nucl. Phys. B 159
(1979) 429, and in chapter 6 of the book/review S. J. Gates, M. T. Grisaru,
M. Rocek and W. Siegel, “Superspace, or one thousand and one lessons in
supersymmetry,” Front. Phys. 58 (1983) 1 [arXiv:hep-th/0108200].
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6.4 Renormalization of the real superfield

All the above discussion and theorems concerned the theory of a single chiral
superfield. The generalization to a theory with many different chiral super-
fields is obvious and straightforward. However extending the formalism to
real (vector) superfields is more complicated, and we will not review it here.

Let us only remark the following. Corrections to the quantum effective
action must be written as manifestly SUSY and gauge invariant terms. Hence
any term 0L will have to be either a d-term or an f-term. In particular,
the renormalization of the gauge coupling is related to the wave-function
renormalization of the fields in V. This is not a real surprise as this is
already the case in non-supersymmetric gauge theories after all.

To see this in more detail, couple first V' to matter fields ¢ in some
representation. Then the d-term

/ d*0d?0 o9V P

gets corrections, which however must be of the same form as the kinetic term
itself, so that

Lot X Zo / d*0d%0 Pe*V @,

where Ze = 1 4 d¢ and dg is really the coefficient extracted from the loop
computation.
It is important to note that we cannot have a generic

Log X Za / 20420 Be2%97V "V @,

because that would mean that we would have generated from loop diagrams
a correction term like

0L x /d29d26_ PV O,

which is not gauge invariant.

In other words, since we can rescale g into V', we really need to have only
one independent renormalization function, which we will choose to be Zy .
This is purely a consequence of gauge symmetry, and not of supersymmetry.
Supersymmetry just tells us that the gaugino undergoes the same wave-
function renormalization as the gauge field.
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A similar argument, which applies also to pure (non-abelian) gauge the-
ories is as follows. The gaugino superfield W, will be renormalized by the
same function as the real superfield V. This implies that the non-abelian
field strength will be renormalized as

F, — Z/°F,,.

Now, F,, contains a quadratic term g[A,, A,] which has to be renormalized
in the same way as the term linear in A, otherwise, again, that would mean
non-gauge invariant corrections in the effective action. We thus obtain again
that

Z, 7% = 1.

Note that Zy # 1 means that there are corrections
0L x Oy / d*0 tr WW,, + c.c.

This seems to contradict the theorem that the terms generated in the effective
action should all be of the form [ d?0d?@ (to be honest, we proved the theorem
only in the presence of chiral superfields but it is indeed true also when real
superfields are present).

However recall that

tr WW,, o« D*tr W~V D,e",
and thus we can rewrite

0L o oy / d*0d%0 tr We=V' D e" + c.c.

which gives a SUSY and gauge invariant term in the effective action (after
integrating over spacetime). The truth is that, as we had already noticed,
the gauge kinetic term is only a “fake” f-term since it can be rewritten as a
perfectly fine local d-term.

Hence, Z, # 1 and the gauge coupling in SUSY gauge theories indeed
runs. This is a welcome feature, and it was expected since, for instance,
in SU(N) super-Yang-Mills theory it is quite easy to compute the one-loop
beta function in component fields (it is just like QCD with one adjoint Weyl
fermion), finding

dg 3N 4
dlogp 16727

Blg) =
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For completeness, we list here the beta function for SU(N.) SQCD with
Ny flavors. Extracting it from known computations involving the component
fields is also quite straightforward, though one needs to know the contribution
to the beta function of QCD from charged scalars. [This information can
be retreived e.g. in chapter 16 of M. E. Peskin and D. V. Schroeder, “An
Introduction To Quantum Field Theory,” Addison-Wesley (1995).] The one-

loop result is
1
= ———(3N. — Ny)g°. :
We see that there is a large range of values of Ny such that the theory is

asymptotically free (5 < 0).

6.5 Holomorphy and non-renormalization

As a last comment on renormalization properties of SUSY field theories,
let us argue for the non-renormalization of the superpotential W(®) in a
completely different way. This approach is mainly due to Seiberg.
Let us consider again a Wess-Zumino model of one chiral superfield ¢
with
W(®) = %mqﬁ + %)\@3. (6.38)

Recall that we have symmetries acting on the fields. Here we have essentially
two U(1)s: one rotating each physical component of ®. At the level of the
superfield, we have an R-symmetry and an axial-like symmetry:

Ulgr @ ¢— o, P — e YY) (0 — €0)
Ule : ¢— e, P — e,

The superpotential breaks explicitly both of these symmetries.

Let us now remark that also the coupling constants m and A enter holo-
morphically in the superpotential W. We could thus promote them to back-
ground (moduli) chiral superfields, so that the physical couplings are actually
the vacuum expectation values of these fields whose dynamics is frozen by
some other means (e.g., their kinetic term is suppressed). Now, it becomes
possible to assign charges under the global symmetries to these superfields
so that the superpotential is invariant, i.e. it should have R-charge 2 and
® charge 0. If we keep calling the background superfields by the constants
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they are related to, the transformation laws that we need to impose are the
following:

Ulg : m— e*m, A — e
Ulg : m— e m, A= e da)

Now since W (®, m, A) preserves both U(1)s (which are not anomalous since
there are no gauge symmetries around), then the effective superpotential Weg
(that is, the part of the effective action that cannot be written as a d-term)
must also preserve them, and because supersymmetry is also preserved Weg
must be a holomorphic function of ®, m and .

These requirements imply that

Wy — %m<I>2 f <A—‘I’> , (6.39)

m

where % is the only chargeless holomorphic combination of the superfields,
and f(z) is a holomorphic function.

Once we assume that the background superfields have frozen to their
VEVs, we can now analyze various limits in order to constrain the form of
f(2). When A = 0 the theory is free, and we should find no corrections to
the classical action. Hence

1
Wet(A = 0) = Wigee(A = 0) = 5mob?.
This implies that f(0) = 1.
If we Taylor expand f so that

f(2)=14a1z+a2*+...,
with a; some numerical coefficients, we get for the effective superpotential

1 1 1 A\ A3
= -m®® + ) \P® + —ay—P* — . 4
Wer = 5m®” + SaiA®* + ar— +O(m2) (6.40)
We can then scale both A and m to zero in such a way that m oc A2 — 0.
The first two terms scale to zero, while the third is constant and the higher
order ones diverge. This is clearly impossible for a theory with Wi..e — 0.
Hence we understand that as = a3 =---=0and f =1+ a;t.
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Another way to see this is the following. The coefficient a,, multiplies
a term like mﬁ"_@ﬂ“. Such a term must arise from a graph with n chiral
vertices and n + 2 external lines. It is easy to see that only tree-level graphs
can accomodate that, and they are not one-particle irreducible. Hence they
cannot contribute to the effective action and such corrections cannot arise,
i.e. all their coefficient must vanish.

Finally, the O()\) term in Weg cannot be anything else than the vertex in
Wiree- Thus, we have proven that

Weff = Wtree .

This is entirely equivalent to the perturbative non-renormalization theorem
of the superpotential Wi .

Actually, in the present context we can even extend this result to non-
perturbative effects. If their contribution is to be holomorphic in A, then such
terms will be proportional to, say, e~*/*. However if X approaches 0 from the
negative real axis, the non-perturbative contribution would explode, which
makes no sense for a vanishingly small coupling. Hence holomorphy rules
out also non-perturbative corrections to the effective superpotential, at least
in theories of chiral superfields only.

Let us mention as a last remark that when (asymptotically free) gauge
theories are also in the game, there is a class of non-perturbative corrections
that are possible, and indeed can be shown to arise in many cases. The
reason is that because of dimensional transmutation, one can trade the run-
ning gauge coupling g for a holomorphic scale which is defined in terms the

complexified coupling 7 given in (4.55)) by

872 (#) 82 - ©

A= pe b0 "W = e a6 o (6.41)

It is this A that can be considered as a background chiral superfield as in the
argument above, and thus holomorphy does not prevent it from entering in
the effective superpotential Weg. Furthermore, A goes to zero when the gauge
coupling is sent to zero. The perturbative non-renormalization theorem is not
contradicted because corrections proportional to some (necessarily positive)
power of A are of course non-perturbative in the gauge coupling g.
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Chapter 7

Supersymmetry breaking

Supersymmetry breaking is an issue that must be addressed since in the real
world supersymmetry ¢s broken. Indeed, there is no degeneracy between
boson and fermion masses. More precisely, since we established that the
minimally supersymmetric version of the Standard Model is the MSSM, it is
then an experimental fact that the masses of all the superpartners are not
lighter than the Electro-weak scale, otherwise they would have been already
observed in the previous generation of accelerators.

Yet, for supersymmetry to be really helpful in curing the hierarchy prob-
lem, it must be restored at some intermediate scale between Mgy ~ 100
GeV and Mgyr ~ 106 GeV. Usually, it is expected that SUSY is restored
close to Mgy, so as to maintain (and possibly explain) the hierarchy between
MEW and MGUT~

How do we cook up then a theory which is supersymmetric at high en-
ergies but is not supersymmetric at lower energies? Supersymmetry will be
broken by some dimensionful quantity Mgysy, so that for £ > Mgygsy the
theory behaves supersymmetrically, while for £ < Mgygy it will not (e.g.,
there will be mass splittings among superpartners).

There are two ways in which we can introduce such a dimensionful break-
ing:

i) Spontaneous SUSY breaking: The theory as a whole preserves SUSY,
but its vacuum does not. Namely, there will be a field acquiring a VEV
(p) ~ Mgysy such that SUSY is broken.

i1) Ezxplicit (soft) SUSY breaking: The Lagrangian of the theory contains
terms which do not preserve SUSY. However it is assumed that are

137
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present only those terms (dubbed soft) that preserve the high energy
behavior of SUSY (i.e. the UV cancellations). These soft terms always
correspond to dimensionful parameters.

We will actually see that it is possible to treat case ii) as a specific limit of
case 1).

In the rest of this chapter we concentrate on spontaneous SUSY breaking,
which is also the most natural option, since in some sense it requires the
theory itself to predict that SUSY is broken.

7.1 Spontaneous SUSY breaking

We have seen at the very beginning, in Chapter 2, that the first consequence
of the SUSY algebra is that a SUSY ground state must have vanishing energy.
Indeed, to repeat the argument, the superalgebra

{Qm Qd} = QJgo‘zP#

implies that, for any state and thus also for a ground state |{2)

QU Qe QaHR) = D IQul I+ D 1Qal) 2 > 0
= 4Bl

so that F = 0 if and only if Q,|Q) = 0 = Q4]Q2). What is most important
here, is that it is also true that as soon as £ > 0, then we know that there
must exist an « or an & such that Q,|Q) # 0 or Q4|2) # 0. In other words,
the vacuum |Q2) is not SUSY invariant. Hence, SUSY is broken spontaneously.

This means that the vacuum energy FE is an order parameter for broken
SUSY: whenever E > 0 SUSY is broken, while if £ = 0 SUSY is preserved.
This observation is in line with the fact that spontaneous breaking of global
symmetries is always associated to an order parameter. Below, we turn to
the Lagrangian version of this consequence of broken SUSY.

7.1.1 Vacuum energy and f- and d-terms

We can restate the above observation in more detail and at the classical level
considering the most general SUSY theory with gauge fields and matter. The
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Lagrangian is
L = / POy B,V P, 4 / 420 W (®,) + / 420 W (®,)
—g/dQQ trWOW, — g/cﬁé tr Wa e,

The only contribution to the vacuum energy, at the classical level at least,
comes from the scalar potential:

T ) ' 2
Vool = 3 (g;v) (%V) Loy (Z s ¢Z)
Z fq:szqE + % Z dadm

where we write derivatives with respect to the scalar fields, to denote the
fact that the expression is a function of them. We have V = 0, and thus
vanishing classical energy, if and only if f, = 0 and d, = 0 for all values of r
and a.

Indeed, consider a vacuum state of such a theory. In order for the vacuum
to preserve Poincaré symmetry, the only fields which can acquire a VEV
must be Lorentz scalars. Moreover the VEV must be constant throughout
spacetime. Consider now the SUSY variations of the fermions in such a
vacuum. (The ones for the bosons are automatically vanishing since the
fermions are set to zero.) For the matter fields we have

oy = V2ef}.
while in the gauge sector we have
0N, = ied,.

Hence a vacuum configuration is SUSY invariant, i.e. the variations of all the
fields are zero, if and only if f. = 0 and d, = 0, which as we have just seen
implies that the potential vanishes, V = 0.

We have thus demonstrated that V is an order parameter for SUSY break-
ing, playing at the classical level the role that E was playing at the quantum
level.
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7.1.2 The SUSY breaking vacuum and the goldstino

For a SUSY preserving vacuum, we can content ourselves with solving the
“first order” conditions f = 0 and d = 0. Since the potential is positive
semi-definite, ¥V > 0, if we find a state with V = 0 we are ensured that it is
a global minimum of V, in particular it is a stationary point.

For a vacuum which is not SUSY, there are no short-cuts and we must
find a stationary point of the potential V by computing its first derivative
and setting it to zero:

oy
99
For simplicity, let us suppress from now on the index 7 of the representation,
we can just group together all the irreducible representations into a single

reducible one.
Then, given the potential

_owow 1,
- *T i
=55 o5, T2¥ L OTLY)

dVv =0 =

=0, Vri. (7.1)

we obtain for its first derivative

oy O*W oW ,

- = T, %) o7 T
0 00 0o, te - (95T:0") T
PwW . .
= — J * .

a¢ia¢jf g Za 9i1a'ido,

where we have used (5.12)) and (5.13)). We thus have the condition for an

extremum of the potential:

82

8(;5’8@ f] + g(b Talida = 07 (72)

dy =0 &

where now it is intended that there is a sum also over the repeated a indices.

Of course, one should now check that the extremum that has been found
is really a minimum, at least a local one. For instance, one should compute
the mass matrix for the scalars around that minimum, and check that all the
eigenvalues m? are positive. We will show an example of such a procedure
for an example in the following.
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By considering instead the mass matrix for the fermions, there is a nice
consequence of the existence of such an extremum that can be extracted from
the above expression for dV = 0.

Consider the mass matrix of the fermions of the theory, including the
Yukawa-like interactions where we suppose that the scalars are frozen at
their extremum value:

c  iVES T A — 2OV i 7.3
mass,fermions — g (bz a j a¢ - 58@518@5]1/} w + c.c. ( . )
1 _02W_ — g el W

Before jumping to any conclusion, we need the following last bit of in-
formation. The superpotential is gauge invariant, which means that under a
gauge transformation

(5a¢z = @aTa1j¢j
it should stay invariant, §,W = 0. This translates into

ow o

0= 87&501(# = _fz OéaTalj(bJa
so that invariance of W under any gauge transformation imposes a relation
between the f-terms:

¢ T f7 = 0. (7.4)
This relation is always true, in particular for values of the scalar fields that
correspond to an extremum of the potential. Hence, summing together the

conditions ([7.2) and ((7.4)), we see that at an extremum d) = 0 the fermionic

mass matrix

2w _ig T L
ootor T ya%ital
“emt o

has at least one zero eigenvalue, with eigenvector given by

(L) o

This eigenvector is non-trivial only in a SUSY breaking vacuum (i.e. when
f* and d, are not all zero). Hence we have proven the Goldstone theorem for
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broken supersymmetry: a vacuum spontaneously breaking SUSY necessarily
possesses a massless fermionic particle in the spectrum. This particle is
usually called the Goldstone fermion of broken SUSY, or more familiarly the
goldstino.

We thus see that supersymmetry in this respect is much similar to any
other continuous global symmetry. Indeed, the Goldstone theorem dictates
that for any spontaneously broken (bosonic) global symmetry there must be
a massless boson in the spectrum, the Goldstone boson.

We should point out that there is also a more general proof of the Gold-
stone theorem for broken SUSY, which is not based on an explicit classical
Lagrangian, but on the properties of the supercurrent. This more general
proof establishes the presence of a goldstino even if SUSY is broken in a
strongly coupled phase of a given theory, where classical arguments may not

apply.

7.1.3 The supertrace theorem

Let us now restrict to a theory of chiral superfields only, in order to avoid too
involved formulas. We would like to consider the mass spectrum in a generic
vacuum, where supersymmetry is possibly broken.
We have already seen in the previous subsection that the fermionic mass
matrix is given by
L = -2 MIY +cc,

where

;W

5= 9500
The physical squared masses of the fermions (i.e. the real poles in the tree-
level fermionic propagators) will be given by the eigenvalues of

MEMPTE = (M3)E = 0,0,W 9,0,W,

where we have defined 0; = and the sum over the index j is intended.

0
9%;
The full squared mass matrix over all of the fermionic degrees of freedom (of
both chiralities) is thus

M —( 0 DWW ) (7.7)
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Consider now the scalar mass matrix. It is obtained by expanding the
scalar potential to quadratic order around the vacuum values of the scalars.
We get:

‘Cfnass = _alW&ZW
(W + 0OW ¢ + 50:00:W &} 7).

In the above expression, we define the fields ¢’ as their fluctuation around
the minimal value, while the derivatives of the superpotential are evaluated
at the vacuum values. Note that for a renormalizable superpotential the
expansion indeed stops at quadratic order, while in a more generic situation
it can go on, but since we are interested only in quadratic terms we do not
need the higher order terms anyway.

Supposing that we expand around an extremum, and neglecting the con-
stant vacuum energy term, the quadratic mass terms are hence given by

LY s = —0:0;WORW ¢ ¢, — 50:0;0,W W ¢ ¢ — 30:0,0,W O, W ¢ .
(7.8)
Eventually, we have
) J
Lo = =300 ¢ M (5 ).
J
with B0 W 0,0 0:0:0.W f
oy _ [ GOWO0W  —0:0;06W fy;
(My)ij = < —0,0,0W 5 0.0WO0W ) (7.9)

There are two immediate consequence that one can gather by comparing
and . First of all, there will be mass splittings in the eigenvalues
of ./\/lfc and M? if and only if f # 0. Indeed, otherwise the two matrices
are identical, in agreement with the fact that when SUSY is unbroken the
spectrum of fermions and bosons is degenerate.

However also in a broken SUSY vacuum there is a relation between the
two mass spectra. We can compute the sum of the eigenvalues by taking
the trace of the two mass matrices. For the fermionic one, which is block
diagonal, we get

tr MG =2 m; = 20,0,Wa0,W,

icf
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(the factor of 2 in front of the sum corresponds to the helicities of each
fermion), and for the bosonic one we obtain

My =) mi = 20,0,W0,0,W,
icb
which is the same since the two matrices only differ by off-diagonal elements.

The important consequence is that the supertrace, that is the trace weighted
according to the statistics, vanishes:

StrM? = me -2 Z m? = 0. (7.10)

i€b ief

This important result generalizes straightforwardly to theories with gauge
fields.

It means that when SUSY is broken in such a classical fashion, the masses
of the previously degenerate superpartners are split around an average value,
which is related to the unbroken (SUSY) mass.

This fact, which is a consequence of the theory being supersymmetric,
is unsatisfactory because it leads to strong constraints on the spectrum of
superpartners, which are not met phenomenologically. For instance, for every
quark there should be at least a real component of the squark superpartner
which would be lighter: this is clearly not observed.

Does this mean that spontaneous SUSY breaking is not viable for the
MSSM? In reality, the “supertrace theorem” just means that SUSY is not
spontaneously broken at tree level (i.e. classically) within the MSSM itself.
Indeed, a way out for this problem is to assume that SUSY breaking is not
a tree level phenomenon, or that it happens in a separate, hidden sector.
In both cases, or even better in a combination of these two possibilities,
SUSY breaking is transmitted to the MSSM by quantum corrections. At the
quantum level, there are effective corrections to the kinetic terms (e.g. wave
function renormalization) such that the supertrace theorem can be violated,
and sizable masses for all the superpartners can be generated. We will come
back briefly on this issue when discussing the soft terms.

7.2 Examples of SUSY breaking theories

The supertrace theorem notwithstanding, and for the reasons just mentioned,
it is still relevant to review models of tree level spontaneous SUSY breaking.
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We will discuss below the two archetypal models, one of d-term breaking and
the other of f-term breaking.

7.2.1 d-term breaking: Fayet-Iliopoulos model

The Fayet-Iliopoulos model is a very simple model, where one essentially
plays the f-terms and the d-terms against each other.

In its simplest incarnation, it is the SQED model that we had already
considered previously, with a mass term for the quark superfields and the
addition of the FI term . All in all the model is described by

L = / 220420 (ée%% n ée-wé) i / 420 mdd + / 420 m*dd

—%l/cﬂe WW, — i/d@ WaV™ +/d29d29‘ 269V, (7.11)

Recall that the last term is gauge invariant because V' is an abelian real
superfield, and that £ is a real parameter.
The potential is given by

~V=gd(¢" ¢ — 66") + ff*+ Ff* + (mof + mof + c.c.) + Ld* + géd.

Solving for the auxiliary fields d, f and f, we have

=

fr= -mo B
d = —g(¢"d— 99" +¢), (7.12)

so that the potential for the scalars becomes
V= 1g°(1¢]> — 8] + ) + [mP(Ig]” + 6] (7.13)

It is clear that we will not find SUSY vacua. Indeed, f = 0 = f implies
that the scalars themselves must vanish, ¢ = 0 = ¢, while, when & # 0,
the condition d = 0 would imply that either ¢ or ¢ must be non zero. It is
then impossible to set to zero all the right hand sides of , and SUSY is
broken.

To find the non SUSY vacuum, we extremize the potential V:

8¢V — 92(‘@2 o |(5|2 + 5)9?* + |m|2?*’
9V = g (161> — o] — ©)o* + [m|*¢".
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We see that we have a vacuum at ¢ = 0 = (/5 Assuming without loss of
generality that & > 0, we also have a vacuum for ¢ = 0 and |¢|> = £ — ‘";—2‘2,
which exists only when |m|? < g?¢. When this inequality is satisfied, it is a
simple matter to show that the vacuum with a non trivial scalar VEV is the
stable one, while the other at the origin becomes unstable.

When the stable vacuum is at the origin, we have ¢ = 0 = g5 which implies

that

f=0=f and d=—g& #0,
the vacuum energy being
1,242

This is pure d-term SUSY breaking, and it is rather easy to see that the
goldstino in this case is just the photino A, the only massless fermion around
in this vacuum. 5

When the stable vacuum is the one with ¢ = 0 and [¢|* = £ — ‘T;Q :
we see that both f # 0 and d # 0. This situation becomes one of pure

2

f-term SUSY breaking only in the limit £ > |Z”—2|. Then the role of the

goldstino is essentially played by 1. (Indeed, 1; and A\ become massive due to
the super-Brout-Englert-Higgs mechanism: ¢ ~ /€ breaks the U(1) gauge
symmetry and through the Yukawa couplings gives a fermionic Dirac mass
term L] = —igy/2€0 N, while 1 remains massless.)

‘ 2

7.2.2 f-term breaking: O’Raifeartaigh model

The model first proposed by O’Raifeartaigh is composed of chiral superfields
only. The idea here is to have a superpotential W such that one cannot set
to zero all the f-terms. Of course this means that W is not generic.

A superpotential that works is the following. There must be three differ-
ent chiral superfields:

W = hX(®? — i) + md, ®,. (7.14)

If we call X (by a slight abuse of notation), ¢; and ¢, the lowest components
of the respective superfields, then the f-term equations give the following
conditions

—fx = hlel - ), (7.15)
—fi = 2hXd1+ mes, (7.16)
—f; = mor. (7.17)
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It is evident that one cannot set fx = 0 and f; = 0 simultaneously, as soon
as i # 0. Let us look then at the scalar potential

V = [hP¢] — 1] + [2hX ¢y + ma| + Im|? ||, (7.18)
It will have an extremum dY = 0 if

2|h2 (97 — 1®) ¢ 4 2R* X*(2h X 1 + mepy) + |m|*¢y = 0,

From the third equation we see that we can solve for ¢,:

Then the first equation is also satisfied, and we are left with the second one,
simplified as
2|h[*| 01 d1 — 2[h* 1?07 + Im|*é1 = 0. (7.20)

Note that by rotations of X, ®; and ®, we can set for simplicity all constants
to be real and positive.

It is evident that has always the solution ¢; = 0. At this vacuum,
we have also ¢ = 0 while X is undetermined.

Otherwise, if ¢; # 0, since we have chosen all constants to be real and
positive, we see that also ¢; has to be real, and has to satisfy

2h2¢7 = 2h*p* — m?>.

Thus this alternative vacuum exists only when 2h?u? > m?. When this
inequality is satisfied, the latter vacuum is the stable one. Otherwise, the
only vacuum is the one at the origin ¢; = ¢ = 0. From now on we set
ourselves in this vacuum, and suppose that it is stable.

The f-terms are

f1:f2:07 f;(:hu27
so that the vacuum energy is given by

Viac = \h,u2]2.
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What is puzzling about this vacuum is that there is actually a complex plane
of vacua, parameterized by (X). This is a usual fact for SUSY vacua, but
it is rather unusual for SUSY breaking vacua. In non-SUSY theories, such
degeneracies are expected to be lifted by quantum corrections.

Actually, the whole X supermultiplet is massless in the non-SUSY ground
states. The fermionic component, ¥ x, is the goldstino, and then it has a good
reason to be massless. The same can be said about the phase of the complex
scalar X, since as we will argue below it corresponds to the Goldstone boson
for broken R-symmetry. However the modulus |X| has no specific reason
at all to stay massless. Presumably, it should acquire a mass because of
quantum corrections in the non-SUSY vacuum.

Before considering this issue, and actually in order to do so, we first
compute the spectrum of masses in a vacuum parameterized by the VEV of
X.

We start by considering the fermionic mass matrix, computed thus in the
vacuum with ¢; = ¢ = 0 and X arbitrary:

] 0 0 0 Uy
Llw=—=(Ux ¥ )| 0 20X m o1 | 4ee,  (7.21)
2
0 m O ¢2
so that
0 0 0
Mi=1 0 4rX]+|m|* 2hXm* |. (7.22)
0  2r*X*m Im)|?

There is a vanishing eigenvalue (for 1y ), while the other two are given by

mi. = |m|*+2[hX|* £ /4|hXm|? + 4|hX|*

- <|hX| £ /|Im|? + |hX\2)2. (7.23)

As for the bosons, we use the general expression ([7.9)), and obtain

b
‘Cmass

= —2vT M, (7.24)

with
UT:(X & P X7 B ), (7.25)
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and
0 0 0 0 0 0
0 ARX]2+|m2 2hXm* 0  —2/h[2u" 0
, | o emxtm mP o 0 0
M, = 0 0 0 0 0 0
0 —2|h|*u? 0 0 4/hX|*+|m|* 2r*X*m
0 0 0 0  2hXm' 2

(7.26)
As is clear from the above, the complex scalar X is classically massless. The
4 other eigenvalues are given by

My e = (M + 2[X [ £ [hpl* £ \/ARXm]? + 4hX 4 £ 42X |2 + |yl

(7.27)
In the expression above we have distinguished two independent choices of
sign by £ and +’, which make up a total of 4 different eigenvalues.

We see that for pn = 0 (i.e. when SUSY is not broken) then the second
choice of sign becomes trivial, and we have mj_. = m7 .. Otherwise, as soon
as u # 0, there will be mass splittings. Of course, we can also check that
>.mj = y_mj. Lastly, one can see that for [m|* < 2|hul?, we have one
negative eigenvalue, mi__ < 0, and the vacuum at the origin is no longer
stable.

We will now see that the spectrum is crucial in computing the effective
potential that will eventually lift the flat direction along X.

7.3 Quantum corrections to the vacuum en-
ergy

We now wish to evaluate the quantum corrections to the vacuum energy.
Since SUSY is broken, these are no longer required to vanish by the theorem
discussed in the previous chapter.

This exercise is particularly interesting in models such as the one that we
have just discussed above, where the vacua are parameterized by a modulus
X. In such models, we expect to find a result which depends on X, and thus
manifests itself as a potential for the light scalar X, which then acquires a
mass so that the moduli space is lifted. Such moduli that are lifted after
taking into account quantum corrections are called pseudomoduli. Actually,
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in a broken SUSY vacuum all massless scalar which are not Goldstone bosons
are pseudomoduli and potentially acquire a mass by quantum corrections.

We thus compute the one-loop vacuum energy, by just assuming that in
the loop are circulating all bosons and fermions with their specified masses.
Recall that the vacuum energy density for a free (scalar) field of mass m is
given, in Euclidean space, by

Z(0) = e [d'f = /[D¢]e‘sE(¢) = /[D¢]e—fd4w¢(—ﬂ+m2)¢>
1 2
= [det(_D + m2)}—1/2 _ €—§tr log(—O+m )
Going to Fourier space, this gives a vacuum energy density
1 A
£=5 / d'p log(p® +m?). (7.28)

It is obviously divergent, and we have inserted an explicit UV cut-off A. It
is however of interest to extract its dependence on m?:

0 E = E Ad4p = d4 dt et +m?)
om? 2 p? +m2 5

1 1
= 5/1 dt e~ /d4pe t»’ oc/1 dt e —tm2t2

A2 A2

In the second equality we have simply traded a way to implement the cut-
off with another which is more convenient for this computation, while in the
last equality we have discarded numerical factors coming from the 4 Gaussian
integrals (but we keep track of the signs).

We thus obtain

am250<m / ds—e 5 (7.29)

We now evaluate the remaining integral, recalling that we are interested in
taking eventually the limit A — oco. We have

o0 1 5 1 . . S8 [ee) .
/n2 dsge = ‘—ge — (log s)e e /m ds (log s)e
A2 A2 A2

A2 2

= 3 + log:,z— + finite.
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Hence we have )

0 9 9, M
WgocA +m logp

where 7y is a finite constant. This eventually implies

+ mey,

2
E o< A* +m?*A? + m*log %, (7.30)

where A? is the integration constant, we have suppressed all terms which
vanish when A — oo, and we have redefined A in such a way as to have no
terms with just m*.

Now supersymmetry comes finally into play. When summing over all the
particles in the spectrum, recall that there is a minus sign for the fermions (it
comes from the fact that the Grassmann integration brings down a positive
power of the determinant). Then the term proportional to A* cancels because

tI'Bl—tI‘F1:07

i.e. the number of bosonic modes is equal to the number of fermionic modes.
The term proportional to A? cancels too because of the supertrace theo-
rem
tr gm? — tr pm? = 0.

Hence we are left with

m2
Vet X (tr g — tr F)m4 log Az (7.31)

This formula, known as the Coleman-Weinberg effective potential, thus gives
a non-trivial one-loop correction to the vacuum energy in a SUSY breaking
vacuum. (It is obvious that in a SUSY vacuum, the above expression vanishes
because of the degeneracy of the spectrum.) Let us evaluate it further for
the example that we discussed previously.

7.3.1 The case of the O’Raifeartaigh model

We should now just plug in the squared mass eigenvalues that we
obtained before for the O’Raifeartaigh model, see ([7.23]) and (7.27)).

As we have just noted, it is clear that since when p = 0, the bosonic and
fermionic masses are degenerate, mfc = mj, then we have that Veg(1 = 0) = 0
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as expected, according to the non-renormalization theorem. There should
then be an overall power of |u| in front of the effective potential Vog.

Note also that all the squared mass eigenvalues depend on X only through
| X|?. Hence we must have

Ve = Vet (| X ?).

We see that the one-loop vacuum energy becomes an effective potential for
the pseudomodulus X. From the expression above, it is clear that X = 0 is
an extremum. We still have to check that in the expansion

Ver = V@ + VX124 .

the zero order term Vég) is finite, and that Ve(flf) > 0 for stability of the
extremum at the origin.
(0).
Let us compute Vg
m?

+ |m|4logv

m? + 2| hpf?
A2
[m|* — 2|hul?
A2
2 2
—2|m|*log @ — 2|m|*log m[®

A A?

2
h 2 ml? hu

2
hy|? 2 h
+<1—2%§‘)hg¥g—(L—4_ﬁ
m
2
hy|? hi|?
= |m/* (1—1—2‘—” ) 10g<1+2’—’u )
m m
m|?

)2\ hiu|?
r(1-22 log|1—2 e + 8|hp|* log “—-.
m m A2

The last (divergent) term accounts for the renormalization of the coupling of
the quartic interaction in the potential, namely

A" = [h[*(1 + 8| h|* log(|m|*/A%)).

VI = (Im[? + 2lhpl?)?log

e

2
+ |m]4log|i

A2
2)

2 2
m
>—21°g|A—2’

+(Imf* = 2|huf?)? log
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Otherwise, the one-loop effective potential for X = 0 is clearly finite.

We note that V(ESE)(\MP) = Ve(?f)(—m\z) and, of course, Vég)(O) =0, so that

Vi o< |l

In order to compute Véflf), we need to expand the eigenvalues in | X |, and
plug the result back into the expression for the Coleman-Weinberg effective
potential. We will not attempt to do it here (but rather refer to K. A. Intrili-
gator and N. Seiberg, “Lectures on Supersymmetry Breaking,” Class. Quant.
Grav. 24 (2007) S741 [arXiv:hep-ph/0702069]), and just state that the result
of this procedure is that one finds a positive squared mass in front of the term
X2

Hence the true quantum vacuum is at X = 0, and the complex plane of
degenerate vacua is lifted as expected. Actually, we were willing to admit a
circle of degenerate vacua, associated to a Goldstone boson. However it is
easy to understand that X = 0 is the most symmetrical point on the complex
plane, no symmetry is broken and then no bosonic mode should be massless.
We will clarify in the next section of which global symmetry we are talking
about.

7.4 SUSY breaking and R-symmetry

Let us concentrate now on global symmetries. Recall that for n chiral super-
fields and a generic superpotential W (®;), the f-term conditions are also n
generic holomorphic equations for the n complex variables ¢;:

ow
i

These equations have generically a set of distinct solutions, which would
imply the existence of isolated SUSY vacua. We thus learn that for the
f-term equations not to have a solution, W must be non-generic. Now,
a non-generic superpotential is acceptable if there is a symmetry which is
responsible for the non-genericity. Otherwise it is not considered natural,
but finely tuned.

If we consider an ordinary symmetry (usually referred to as axial), such
that

0. (7.32)

®; — 0D,
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we must require that W (®;) is invariant. This means

oW
SW =0 N Z qigbi% =0, (7.33)

for any value of ¢; (i.e. off-shell as well as on-shell). This condition is always
satisfied by solutions of the f-terms . Thus, one might use a (com-
plexified) symmetry transformation to rescale away one of the scalar fields,
but the equation above tells us that simultaneously the n f-terms are not all
independent, one is redundant. We are again in a situation with the same
number of equations and variables. Hence an ordinary symmetry does not
help.

Consider instead an R-symmetry. Here we must require that the super-
potential W (®;) be of charge 2

W — e,

This means that

. oW
W = 2iaW & Z q"'gb"aTbi = 2W, (7.34)

again for any value of ¢;. This tells us that the n f-terms are not all inde-
pendent, but rather a combination of them sums up to the superpotential
itself. However, from the algebraic point of view, this only tells us that the
set of equations sums to yet another non trivial equation, W = 0. As
far as looking for F-flat solutions is concerned, this is generically not helpful,
and hence we are left with n non-trivial equations to solve. On the other
hand, we can still use a complexified R-symmetry transformation to set one
field, say, to 1. We are thus left with n — 1 variables, and now generically
the system of equations will not have a solution.

The argument above is quite formal, but is convincing of the fact that
one needs an R-symmetry and a generic superpotential respecting it to have
a chance of achieving spontaneous SUSY breaking at tree level. In practice,
one writes W taking into account that it preserves the U(1)g symmetry and
will find that f; = 0 has no solutions.

Let us revisit in this light the O’Raifeartaigh model. Given the superpo-
tential

W = hX(®? — p?) + m®, Py,
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we see that it preserves an R-symmetry for which
R(X)=2, R(®1)=0, R(Py) =2 (7.35)

One can show that W is indeed of the most generic (renormalizable) form
compatible with these charges, up to shifts and relabeling of the fields.
If we were to add R-symmetry breaking terms such as

SW =1im'X?> or  §W =im"®] (7.36)

it is easy to see that we immediately reintroduce SUSY vacua. Nevertheless,
there is still the possibility of keeping some metastable SUSY breaking vacua
somewhere else in field space. For instance, this can be the case when the
above corrections are small. However, the physics becomes a bit subtle since
it generically involves playing one-loop terms (such as the ones coming from
the Coleman-Weinberg effective potential) against tree-level ones.

As a last comment, note that because of the R-symmetry “theorem”,
when SUSY is broken R-symmetry is also most likely to be broken sponta-
neously. There will thus be a massless (real) Goldstone boson associated to
it. However, it appears that, essentially because of holomorphy, at tree level
the Goldstone boson is complexified. There is then automatically at least
one pseudomodulus. It is to be noted that in the metastable vacua, the issue
of the pseudomoduli is particularly subtle to discuss, since it could happen
that the effective potential is such that the pseudomodulus could just roll
down to the SUSY vacuum.

7.5 Explicit SUSY breaking: soft terms

Let us now discuss very briefly the other possibility for supersymmetry break-
ing, namely the introduction of explicit SUSY breaking terms in the La-
grangian.

As we have already argued, it is important that the SUSY breaking terms
involve dimensionful, renormalizable couplings. Indeed, the virtue of SUSY
resides in the cancellation of UV divergencies. The latter takes place because
dimensionless Yukawa, gauge and quartic couplings are identified. If we
were to spoil these identifications by introducing non-SUSY dimensionless
couplings, we would destroy all effects of supersymmetry altogether. On the
other hand, introducing couplings of positive mass dimension (like masses
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for scalars or fermions, or cubic scalar couplings) should not spoil SUSY
cancellations for energies above the scale set by the new coupling itself. In
other words, the SUSY breaking terms set the UV cut-off for cancellations
of divergencies. Such SUSY breaking terms, that preserve the UV structure
of SUSY theories, are called soft.

We will not here review all such terms and the phenomenology associated
to them, but rather refer to the reviews by Martin and Terning cited in
Chapter 1. We will just very briefly comment on the relation between explicit
SUSY breaking by soft terms and spontaneous SUSY breaking.

An example of a soft term is, for instance, to add

5'Csusybr = m§|¢|2 (737)
to a massless Wess-Zumino model, or more generally just a correction to the

scalar mass square that makes it different from the mass of the fermionic
partner. Other bilinear soft terms are

0L wsyor = Bmdd + c.c. (7.38)
or
OLY e = AN + C.C., (7.39)

where )\ is a gaugino.

Terms such as and are for instance needed in the Higgs
sector of the MSSM in order to correctly implement Electro-weak symmetry
breaking. While of course terms such as (7.39)) and ([7.37)) are also expected
to give masses to the superpartners of the SM particles in order to explain
why we have not yet seen them.

All of these terms, being mass terms, are clearly renormalizable. It is
interesting to rewrite them in a supersymmetric fashion using an extra chiral
superfield, called spurion, which we will denote by U. This background
superfield has the property that it has a non vanishing f-term

U =6°F. (7.40)

Using it, we can write the above soft terms as integrals over superspace. We
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have
_UU -
0 Lsusybr = /dQQdQHW@QD, (7.41)
0Ll gty = / d*0 UDD + c.c., (7.42)
oL = dQQUWQW 7.43
susybr M ot c.c ( : )

In the above expressions, M is some UV scale. From them, we obtain soft
masses like |m,|? = |F|?/M?, B,, = F and my = F/M.

We now see that the gap from explicit to spontaneous SUSY breaking is
small: all we have to do is to promote U to a dynamical superfield, which
acquires the f-term spontaneously, and then generates the soft terms by its
interactions with the rest of the superfields. From this point of view, it is
then clear that all the virtues of a SUSY theory (i.e. the UV cancellations)
are preserved in presence of the soft terms, as much as in a theory which
breaks SUSY spontaneously.

We should here just add a remark concerning the terms and .
At face value, they look like non-renormalizable additions to a SUSY La-
grangian. This is evident from the inverse powers of M which, unless spec-
ified otherwise, must be generically a UV scale of the theory (such as the
Planck mass M, or the GUT scale). However from the component version of
the same terms and , it is obvious that they should not introduce
spurious UV divergencies. What this really means is that, on one hand, it is
only consistent, from the renormalization point of view, to introduce all such
soft terms. On the other hand, in a fully renormalizable theory, where U is
dynamical, these terms are to be thought of as effective terms coming from
integrating out degrees of freedom at the scale M.

It is to be noted that on the other hand a soft term like is fully
renormalizable even from the SUSY point of view. Hence by adding it we do
not expect to be forced to add (soft) counter-terms to the bare Lagrangian.

7.5.1 The mediation paradigm

This point of view on the soft terms and explicit SUSY breaking is even more
physical by the following argument. Given that spontaneous SUSY breaking
is not possible within the MSSM, we must assume that there is some hidden
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sector where SUSY is broken spontaneously. Then one has to assume that
there exist fields that interact both with the hidden sector and the visible
one (the MSSM), and which will then mediate SUSY breaking.

These fields can be chiral superfields, which couple to the visible sec-
tor through the superpotential. This is the simplest of the models, where
mediation happens at tree level.

Another option is that the mediating fields are the gauge supermultiplets
of the visible sector itself. In this case, typically, the SUSY breaking is
induced in the gauge supermultiplet and then on the matter chiral superfields
through radiative corrections, i.e. at the quantum level. Note that it is in
this way that, for instance, the supertrace theorem is evaded.

If all other options are absent, and the hidden sector is completely decou-
pled from the visible one, there will always be (super)gravity that universally
couples to both. Hence gravity will mediate SUSY breaking in this last sce-
nario. Gravity mediation effects will take the form of effective terms like
(7.41)—(7.43)), where now M = M,

It is clear that what all these models of mediation of SUSY breaking
are all about, is to provide a theory of the soft terms, in other words a
predictive pattern for these extra terms that one can (and must) add to
the MSSM Lagrangian. There is a very large amount of research in this
direction, which has produced several different schemes, each with its own
successes and shortcomings. Obviously, the community is eagerly awaiting
and hoping that from the LHC data a pattern of measured soft masses could
start to emerge (if superpartners are out there at alll), so that one could
finally confront models with experiment.

7.6 Dynamical SUSY breaking

Let us close this chapter on SUSY breaking by mentioning that the most
interesting models of spontaneous SUSY breaking are not the ones where
SUSY is broken at tree level, that is classically, but rather at the quantum
level. Now, since we had demonstrated that there are no perturbative correc-
tions to the vacuum energy, when we start from a classically SUSY vacuum,
then the only option is that non-perturbative effects break SUSY. This is of
course most likely to happen in a gauge theory.

This is interesting, because the scale of SUSY breaking will necessarily be
related to the dynamically generated scale of the theory Agy,, which much
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as in QCD, is naturally hierarchically small with respect to any UV scale,
for instance Agep << Mgur. That would essentially explain the hierarchy
between Mgy , which is related to the scale of SUSY breaking, and Mgyr.

However, dealing with strongly coupled gauge theories is not very simple,
though supersymmetry helps a good deal. In some cases it is possible to
reformulate the low-energy dynamics of a strongly coupled (confining) gauge
theory through a theory involving chiral superfields only. Typically there
will be a highly non-trivial (and non-calculable) kinetic term, but the su-
perpotential can usually be guessed from symmetry arguments, and possibly
instanton computations. If the superpotential happens to have the form of a
generalized O’Raifeartaigh model, then we can deduce with some confidence
that the model breaks SUSY dynamically.

There are many non-trivial checks one can do, and great advances have
been made in the last years. This topic however would require a much deeper
study of non-perturbative aspects of SUSY gauge theories. This is left for a
more advanced course.
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Appendix A

Anomalies: a brief introduction

This appendix aims at providing a brief introduction to anomalies in Quan-
tum Field Theory. The only relation to supersymmetry will be that anomalies
will be discussed in a formalism using Weyl fermions, as in the rest of these
notes, rather than using Dirac fermion as is usual in most textbooks. Other
than that, supersymmetry will not be relevant to this appendix. However,
anomalies play a crucial role in further developments such as exact results
for supersymmetric gauge theories. In this respect they must be familiar for
anyone interested in developing further insight in supersymmetric theories.

There are many textbooks and on-line lecture notes that review anomalies
in depth. A few are the following:

e M. E. Peskin and D. V. Schroeder, “An Introduction to quantum field
theory,” chapter 19.

e M. Srednicki, “Quantum field theory,” chapters 75-77.

e J. A. Harvey, “TASI 2003 lectures on anomalies,” [arXiv:hep-th/0509097
[hep-th]].

e A. Bilal, “Lectures on Anomalies,” [arXiv:0802.0634 [hep-th]].

There is also a number of important original papers that can be listed here,
and that have inspired this short chapter or contain proofs of some claims:

e K. Fujikawa, “Path Integral Measure for Gauge Invariant Fermion The-
ories,” Phys. Rev. Lett. 42 (1979), 1195-1198.
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e D. J. Gross and R. Jackiw, “Effect of anomalies on quasirenormalizable
theories,” Phys. Rev. D 6 (1972), 477-493.

o L. Alvarez-Gaume and E. Witten, “Gravitational Anomalies,” Nucl.
Phys. B 234 (1984), 269.

e L. Alvarez-Gaume and P. H. Ginsparg, “The Structure of Gauge and
Gravitational Anomalies,” Annals Phys. 161 (1985), 423.

A.1 What do we mean by an anomaly

In quantum field theory, an anomaly occurs if a symmetry, which is preserved
by the classical field theory, is actually not consistent with the quantization
of the theory.

Let us immediately clarify that this phenomenon has nothing to do with
spontaneous symmetry breaking. In the latter case, the symmetry acts non-
trivially on the vacuum state of the theory. This can happen also classically,
of course. In the case of an anomaly on the other hand, one is dealing with
problems that are intrinsic to the quantization process.

To exemplify, recall that there is one anomaly that is actually so common
in QFT that it is not usually called so. It is the appearance of a non-trivial
scale dependence in theories which are classically scale invariant. Most of the
examples in a canonical QFT course or textbook are such: the massless scalar
theory with a A\¢* interaction, massless QED, pure Yang-Mills theory, mass-
less QCD all are classically scale invariant. In other words, their Lagrangians
do not contain any dimensionful constant. However, all these theories have
in common a non-zero S-function for their dimensionless couplings:

Blg) = “Z_Z #0. (A1)

Here the sign of the S-function will not be important. What is important
is the origin of such 5(g) # 0. Actually it is already apparent from the
definition of §(g) itself. The breaking of the scale invariance of the classical
theory can be traced back to the fact that it is necessary to introduce a
scale 1 in order to properly quantize the theory, more precisely in order to
renormalize it.

In other words, we say that the classical scale symmetry is anomalous
because we cannot quantize consistently the theory, i.e. we cannot regularize
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and renormalize it, without introducing a scale, that eventually appears in
physical quantities (more precisely, it is the variations with respect to the
choice of this arbitrary reference scale that are physically relevant).

It is then natural to ask whether also other symmetries are at risk of being
broken in a similar way: for instance, Poincaré symmetry, global internal
symmetries, gauge symmetries. Of course, the answer is known: a correct
quantization procedure pays attention that those symmetries are respected.
For instance, Poincaré symmetry and gauge invariance are taken care of by
the most popular regularization schemes, such as dimensional regularization
and Pauli-Villars. This is mostly true also for global internal symmetries, for
instance phase rotations of complex scalars or of fermions.

However, if one is looking for potentially problematic situations, one could
ask what could go wrong with our preferred regularizations. In dimensional
regularization, fermions are the obvious suspects, since it can be non-trivial
to generalize to d = 4 — ¢ dimensions the ~y-matrices (or the o# and &*
matrices in Weyl notation). It turns out that by stating that y*v, = d one
can proceed unhindered most of the time. However, it is more difficult to
extend to d dimensions the notion of the chirality matrix 75 or, equivalently,
of the Levi-Civita tensor €,

That chiral (i.e. Weyl) fermions can be the harbinger for trouble is con-
firmed by also contemplating Pauli-Villars regularization. It is straightfor-
ward to realize that it is impossible to use it for chiral fermions without
breaking the (chiral) symmetry rotating their phase. In Weyl notation, the
Lagragian for the massive Pauli-Villars field would read

Loy = 00000+ S Moy (4 + 7). (A2)

and its mass term explicitly breaks the U(1), symmetry acting as ¢ — e"*¢.

We thus expect possible trouble for symmetries in the presence of chiral,
massless fermions. In keeping with the rest of these lecture notes, we will aim
at providing a description of the anomaly purely in terms of Weyl fermions,
avoiding thus the language of Dirac fermions and the extensive use of s
which is done in most of the literature.

A.2 Chiral anomaly for a Weyl fermion

As we have just seen, a single Weyl fermion enjoys, when its mass is set to
zero, a symmetry that rotates its complex phase. It can be promoted to a
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gauge symmetry by writing
Ly = —ipd" (0, —iA, )Y = —ihd" D, . (A.3)

It is now gauge invariance that prevents the presence of a mass term for .

The gauge field transforms as usual, A, — A, + J,a. Note that in this
appendix, we will not be focusing on the dynamics of the gauge fields, hence
in particular it will not be relevant whether we will path integrate over them
eventually, or not. If we do not, then the gauge fields have to be understood
as backgrounds for the sources of the corresponding symmetry currents.

Of course, a way to give a gauge-symmetry preserving mass to v is to
introduce another Weyl fermion yx, with opposite charge

EUJ,X = _“Zﬁ“(au - iAu)¢ - Z’)’@“(fh + iA;L)X; (A-4)
so that now the mass term
Ly, =mix +m Py (A.5)

i.e. a Dirac mass, is gauge invariant.

However, the theory whose Lagrangian is has actually two global
symmetries, namely U (1), rotating ¢ and U(1), rotating x. They are usually
combined into a vectorial U(1)y and an azial U(1) 4, which act as

Uy + =,  x—ex
Ul)a : Y — e Y X — € . (A.6)

(8

In Dirac notation, ¥ = ( % ), those transformation laws read

Ull)y + U=l , Ul : U— ey, (A.7)

The mass term preserves U(1)y, which is the symmetry that we are
gauging, while it breaks explicitly U(1) 4.

Let us now ask ourselves what it means for a symmetry to be preserved
or broken at the quantum level. Classically, the presence of a (continuous)
symmetry implies the conservation of the associated current J*. At the
quantum level, the conservation of a current translates into Ward identities,
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i.e. the vanishing of insertions of the operator d,J" in n-point correlation
functions, up to contact terms:

(0" (2)O1 (1) ... Op(y)) = Z Mz — 2)Gyi(z1, ... 20) (A.8)

Hence a symmetry is broken at the quantum level if the corresponding Ward
identities cannot be satisfied.

For instance, some n-point functions with current insertions arise at loop
level, and regularization can prevent the Ward identities to be satisfied. In
four dimensions, this problem arises at one-loop with three current inser-
tions. The computation of this loop diagram, and its failure to satisfy the
expect Ward identities, is well documented in all the textbooks on QFT.
Here we will review an alternative argument (usually also reviewed in the
same textbooks), which is based on the path integral derivation of the Ward
identities. This approach has been pioneered by Fujikawa in his paper listed
above, and is exact rather than (a priori) perturbative as the one based on
loop computations.

Recall that a crucial ingredient in deriving the Ward identities is
that the measure of the path integral is invariant under the symmetry. Let us
inspect more closely this assertion for a symmetry acting on a Weyl fermion.

The path integral is given by

/ DYDY v | with S, = / d'z Ly . (A.9)

Now U(1),, rotates 1 — ¢/ = ¢ and ¢ — ¢/ = e, so that it seems
like the measure is indeed invariant. However let us be more cautious and
compute the Jacobian of the change of variables:

W) s i)
=ity oy, ey =5a0

=e "z —vy) .

(A.10)
Note that in these expressions « can be a local function «(z), nothing
changes.
Then the measure of the path integral changes as

DYDY = (det J)~ ! Dy (det J)~ ! Dy, (A.11)

where we recall that the —1 power of the (functional) determinant of the
Jacobian is there because of the Grassmann-odd nature of the variables ).

J (7, y)
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We now rewrite

(det J) ™t =e 18T (A.12)

and notice that J is the continuous-index equivalent of a diagonal matrix.
Now, for a diagonal matrix A,,,, = @¢;ndmn, it is well-known that a function of
the matrix keeps the diagonal form, and that it further evaluates as f(A),, =
f(@m)dmn, where the function f(z) is defined by its Taylor series.

Applying this wisdom to J, we have that log J = ia(z)d*(x —y), so that

tr log J = /d4x ia(z) 6z — ), (A.13)

i.e. we are effectively summing over all the diagonal elements of the diagonal
matrix. This expression looks badly divergent, however we also have to add

tr log J = /d4x (—ia(z)) 6*(z — ) . (A.14)

Do we have an exact cancellation of these two divergent expressions? In order
to answer this question, we need of course to regularize these expressions and
see if the cancellation still takes place.

First of all we need to pay attention to what the measure factors D1 and
D1 really mean. In practice we have to expand 1 and v into a basis of eigen-
functions of some operator. The integrals will then be over the coefficients
of such expansions.

The most natural operator to consider would be kinetic one, —ic*D,,,
however it has the problem that it changes the chirality of the fermion on
which it acts upon. It is then impossible to define chiral eigenfunctions of it.
A solution to this problem is then to square it, in the hermitian sense. We
will then take for ¥ a basis of eigenfunctions of —o*D,c"D,, while for Y we
take a basis of eigenfunctions of —o*D,0"D,:

—0"D,c"D,¢, = € ,
— "D, Dy = €mdn (A.15)

where ¢, and ¢,, are bosonic spinor wavefunctions, to be specific (so that
Y(x) = Y, andn(x), with a, Grassmann-odd). Of course to properly de-
fine these expressions, we should Wick rotate to a Euclidean signature, and
further compactify R* to S%. In the following we will assume that this is
possible but will refrain from doing so explicitly when not needed.
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Now the crucial remark is the following. If ¢, is a chiral eigenfunction with
en 7 0, then 6D, ¢, is an antichiral eigenfunction with the same eigenvalue
€,. Indeed,

—0"D,0"D,c"D, ¢, = €,6"D, 0, . (A.16)

Even more crucially, this fact is not true for zero-modes, i.e. when ¢, = 0,
since 0" D, ¢, = 0 in that case and one cannot define the antichiral eigen-
function from the chiral one. Of course the argument also works in the
opposite direction. As a result, all eigenfunctions come in chiral-antichiral
pairs, except the zero-modes which are unpaired.

In the divergent expressions (A.13]) and (A.14)), we replace the plane wave
basis

4
Sz —2) = / 'k etkw o=k (A.17)

by
Zeél(w‘)ebn(w) and Z&L(w)a_ﬁm(x) : (A.18)

so that eventually

trlog 7 + tr log T = [ d' iafa) (Z Sh()on() = 3 &L(@M@)

- /d4x i) <Z

n

oh(2)dn(r) = Y

en=0 m

%(%)%(I)) :

em=0

(A.19)

For a global rotation, i.e. for constant «, and assuming the eigenfunctions
are properly normalized, this expression is just proportional to the difference
of the number of chiral and antichiral zero-modes. Since it is an integer, it
cannot change continuously, and it is therefore called an indez. The question
now is if this expression can be non-vanishing.

Before we continue, let us pause to see how a different cancellation is on
the other hand completely trivial. We already saw that if one adds another
Weyl fermion with opposite charge, as in , a mass term preserving the
symmetry can be added. Similarly, let us see what happens to the measure
under a transformation for which y — x’ = e~**y. We have

DY'DY'DXY' DY = DYDY DxDx(det J;) ' (det Jy) ' (det J,) " H(det J,,) ",
(A.20)
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where now together with (A.10) for J,; and Jy, we have

Ty (z,y) = e 6z —y) , Ty (z,y) = 6z —y) . (A.21)
We thus see that
tr log Jy + tr log J, = /d4x (la(x) —ia(x Z o (z =0, (A.22)

because 1) and y, both chiral, share exactly the same basis of eigenfunctions.
Hence the cancellation is complete, and independently in both the chiral
and anti-chiral sectors. As a result, one can deduce that the fermionic mea-
sure DYDY DDy is invariant under vectorial symmetries, without need to
regularize the sums in (A.18]).

For a chiral symmetry, on the other hand, we need to resort to a regu-
larization in order to evaluate . It turns out that the most suitable
one is to suppress the modes with a large eigenvalue by an exponential fac-
tor e/2* where A is a cut-off scale that restores the original sum When
A — oco. Note that (for A, = 0) €, is the eigenvalue of —0#0,5"0,
and in Fourier space it is therefore equal to k? = —k%, i.e. it is negatlve for
Euclidean momenta.

We have then to compute

o'”‘D#o' Dy o“DMa Dy _

Z ¢l (x $o(r)  and Z o, (x Pm(2)
(A.23)
i.e. the “diagonal” elements of the operators e=7"Prd"Dv/A* g ¢=0"Duo”Du /A%,

We now proceed with standard manipulations with o-matrices, to show

—o"D,c"D, = —c"c"D,D,
1 1
= —5(0“5” +0"3")D, D, — 5(0“5” —o0"0")D,D,
=-n"D,D, — 20" D,D,
=-n"D,D, —o"[D,,D,]
-n"D,D, +ic"'F,, , (A.24)
where we have used in the last equality [D,,D,] = —iF),, which can be

easily derived in the abelian case, but is true also in the non-abelian case as
one can argue by covariantization. Similarly, we get

—6"D,0" D, = —" D, D, — i6" F,, . (A.25)
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Now in the “trace” of e=o"Pud"Dv/A* the factor e P"Pr/A* can be taken
out of the trace over spinorial indices, since it is proportional to the 2x2
identity. The other factor is e Fw/A* and it does not involve differential
operators, hence it is straightforward to evaluate:

o wg o 16"F,,0"F,,
tre” Az —=tr <]I+z’UA2“ —50 “AZ £ +>
1 v loa
=2— Wtra“ o’ F,uVFpo'_'_ (A26)

where the dots represent terms of higher order in the inverse cut-off.
Now recall that

1

tro" o F, F,y = —F,, F" — 56’“’WFWFPU , (A.27)
so that we eventually have
idwj?“’ 1 v i Hvpo
tre A =2 + WFHVF + me FMI/FPO' —+ ... (A28)
Similarly
2 Py v i vpo
tre A2 :2+WFMVF“ —4—/\4€'u P F,U,Z/Fpo'—i_-" s (A29)

since tr a"¥a”? has the opposite sign for the term proportional to e***?.

We are now left to evaluate Y ¢f e D"DPu/ A 6, We rewrite it in Fourier
space, taking note that D, is replaced by i(k, — A,), and we further Wick
rotate the expression:

4 _ _ 4 2 Hop
/ —(;i l§4e(w | —(dQ kﬁlei’“k’iz““iﬁ“ S (A30)
™ m

We set A, = 0 in this computation, because we will soon see that subleading
corrections to the leading result are irrelevant. We are then left with four
Gaussian integrals that yield

d4kE k% A4
| ———e A2 = ¢ . A.31
i o " T Ty (4.31)

The final result is thus
/ d*k (k= AP ey = Ap) A4

(1+0(A7?%) (A.32)

=1

[CoE (4m)?
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where we note that the O(A~?) terms are all real.
Putting everything together, the regularized expressions (|A.23|) are then
given by

o"Dus" Dy A4

T(x) e a2 n(x) =1
ok 6n() = ¥

X .
x (2 t = F P 4 —— R B ) ,

(1+0(A7?) x

2A4 4A4
— 75‘”’DH0'VD1, _ . A4 .
Zgb:rn(;c) € A (1) = Z(47T>2 (1 +O(A 2)) X
1 .
X <2+WF;WFW/_ﬁeuynguqua—i_---) )

(A.33)

so that in the difference, all the terms cancel except the ones with the e#*”
tensors. Moreover, the latter terms are exactly finite when A — oco. Hence
the regulator A can be safely removed from the difference, which reads

S 6L @)on(@) = 32 L @on(e) =~ E . (AB)

Our final result is thus

trlog J +trlogJ =i [ d'z a(z) {— e“”p”Fﬂpro} . (A.35)

3272

In particular, we see that the index, that is computed when « is a con-
stant, is non-vanishing when e**?F),, I, integrates to a non-zero quantity
over all spacetime. This happens for instance when the gauge field has a
(topologically) non-trivial profile corresponding to an instanton. In such a
background, we have shown that there is an imbalance between chiral and
antichiral zero-modes.

Going back to our path integral derivation of the Ward identities, we have
taken care of the non-trivial variation of the measure. We now must add the
part that comes from the variation of the action under the chiral rotation,
namely the one that results in the conservation of the current. Summing the
two contributions, we obtain the “classical” relation

1
/ d*z o) {aujg + @e“”’”FWFpU} =0, (A.36)
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which has to be understood under the path integral, and hence leading to
the following expression for the one-point function (at sources on)

<8u<]zl;> =

3272 e E Fg (A.37)

Let us recall that the above expression is for one Weyl fermion.

Since A,,, which appears in through F,,, is a source for Jjj, the
above result indicates that the anomalous correlators are the ones with three
current insertions. Indeed, those correlators will still be non vanishing after
setting the sources to zero

52

3 (0u") . 40, (A.38)

where we allowed ourselves to be a bit schematic in the expression. It is
also straightforward to see that such a non-vanishing three-point function is
generated at one-loop, since we did not use anything else than the free part
of the theory of a Weyl fermion.

Taking a step back, we can realize that our path-integral based argument
did not actually rely on any perturbative expansion. Indeed, the result does
not depend on any coupling constant that the theory could have, including
the gauge coupling if the chiral symmetry ends up being gauged. It is then an
exact result. Since we just argued that it corresponds to a one-loop diagram,
usually called a triangle diagram because of its three insertions, it is often
said that the anomaly is a one-loop-exact quantity.

A.3 Generalizations and uses of anomalies

We would like to generalize the result of the previous section to any internal
symmetry, for instance a group with an arbitrary number of factors, both
abelian and non-abelian, and Weyl fermions in a generic representation.

We thus take in all generality a group G and denote the generators of its
algebra T,. We further take them to be hermitian, T, = T)/. The represen-
tation of G in which the Weyl fermions are is in general the direct sum of
different irreducible representations of G.

The infinitesimal transformation law of the fermions is

SYt =i, T, (A.39)
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where the indices 7, j run over all the components of the representation. The
general expressions for the Jacobians are then

trlogJ =i [ d*z a.(z Zgb )T, 00 (x) |
tr log J = —z'/d4m o (z Z(b,m (2)T. 0 () . (A.40)

The regularization procedure goes through as in the abelian case, one just
has to keep track of the Lie algebra generators, including the ones in the
definition of A, = A} T,. We end up with the result

trlog J +trlogJ =i [ d*z a.(z) { — "t T,F,, F, }

3272
—iluTm. ) [ 0t L oo o e
_12 v T,{Ty,T.} T oy () 327T2€ e ¢

(A.A41)

where the trace is now with respect to the indices of the representation
of the Weyl fermions, and we have used F),, = F} T, and the fact that
e“”f’”Fb Fr = e“”f’”Fﬁnga

If we go back to an abelian group, G = U(1), and a Weyl fermion in a
representation of charge ¢, then we have simply T" = ¢ and we can replace
%tr T,{Ty, T.} by ¢*. This indeed reduces to (A.35) when ¢ = 1. An imme-
diate generalization is to a product of abelian groups, G = [[, U(1),, and a
Weyl fermion with charges g, under the respective abelian factors. In this

case we have )
Etr ToATy, Te} = quqpqe - (A.42)

For GG a simple group (in the technical sense: a single non-abelian factor),
tr T,{T}, T.} turns out to be an invariant of the representation:

1

§tr TA{Ty, T} = A(r)dape (A.43)
with dg. an invariant symmetric tensor of the Lie algebra of GG, independent
of the representation. An important remark is that given a representation r,
its conjugate representation r* has generators —7* = —T! where in the latter
expression we denote the transpose of the (hermitian) generator. It is then
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straightforward to find that A(r*) = —A(r). Hence for any self-conjugate
representation, A(r) = 0. Note that this is true also for reducible representa-
tions, possibly composed of irreducible representation that are (separately)
complex, such as r & r*.

It is now a fact that the only simple groups allowing for complex (non-
self-conjugate) representations are the SU(N) groups with N > 3. In other
words, one can see that it is only in the algebras of those groups that a non-
vanishing d. exists. A simple example of the triviality of d,. is the one of
SU(2), for which the three generators, in the fundamental two-dimensional
representation, are proportional to the Pauli matrices 7;, and for which

tr {7, T} = 20tr; =0 . (A.44)

For the other SU(N) groups, we can normalize dg. in such a way that
A(r) =1 for the fundamental (N-dimensional) representation.

Let us now write the generic representation of the Weyl fermions as a
direct sum of irreducible representations, possibly with multiplicities. Then
the total anomaly is the sum of the contribution of each Weyl fermion in an
irreducible representation

1
5 St AT, T} =Y A(r)dase = Avordase - (A.45)

For instance, for the abelian theory with v and x oppositely charged under
U(1)y, we have

Agor = qu = (‘H)S + (_1)3 =0. (A.46)

In computing anomalies, one has to pay attention when G is a product of non-
abelian groups GG7 X G5, and the fermions are in a non-trivial representation
in both factors. Then when computing the anomaly with respect to the
generators of, say, (G1, one has to take into account that the dimension of the
representation of GGy becomes the multiplicity of the representation under ;.
This technical remark becomes obvious as one starts to compute anomalies,
for instance in the Standard Model.

Until now, we have not really paid attention to whether the symmetry is
local (gauged) or global. We introduced a gauge field A, but we posited that
it could just be a background field acting as a source for the Noether current.
We will now make the distinction, and discuss the physical significance of the
anomaly according to the global or local nature of the symmetries involved.



174 APPENDIX A. ANOMALIES: A BRIEF INTRODUCTION

Let us consider Weyl fermions in a representation of a product group G,
where some factors are eventually gauged while others remain global. As it
is now clear, anomalies are in practice trilinear in the symmetries, and we
can classify them according to the nature of each participating current at the
three vertices of the triangle, pictorially speaking.

If some factors of the symmetry group are gauged, we should first of all
inquire whether there is an anomaly when all three participating currents
are associated to gauge symmetries. If there is an anomaly ALY =£ 0 (where
the superscript L stands for local), it means that at the quantum level the
current coupling to the gauge fields is not conserved. In other words, the
associated Ward identities are not respected. This in turn implies that all
the properties that depend on the Ward identities, and that one uses when
renormalizing gauge theories, are not applicable. Eventually, the gauge the-
ory is non-renormalizable and, even more importantly, non-unitary because
the longitudinal and temporal components of the gauge fields are no longer
granted to decouple from the path integral. Hence we require that AL = 0
in order for a theory to make sense at the quantum level.

We can now consider a mixed anomaly, with one global current and two
local currents, ASLL. It appears that when asking if a global symmetry
survives quantization, this is the relevant anomaly to consider. Indeed, it
means that the current for the global symmetry is not conserved (the right-
hand-side of the conservation equation contains now dynamical fields). This
is not a problem for the consistency of the theory, but it is important when
composing the list of the symmetries of the quantum theory: anomalous
symmetries should not be accounted for. This anomaly is the one that has
been historically first discussed (under the name of the Adler-Bell-Jackiw
anomaly).

Note that since the total symmetry group is Ggiopa X GLocal, the anomaly
is proportional to

S e THTETH) = (10, T9) (0, TTY) . (A47)
in self-explanatory notation. We immediately see that only abelian global
symmetries, for which the generators are not traceless, can be anomalous.
We could ask about the other mixed anomaly, ASSL, which is relevant
only for abelian gauge groups, by a similar argument as just above. It turns
out that this anomaly has been scrutinized only very recently, and it involves

notions that go beyond the present set of lecture notes. Suffice it to say that
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it does not (and should not) occur in any of the theories that are usually
studied, both for phenomenological and formal purposes.

We are left then with the last possibility, namely ASYC the anomaly
involving only global currents. Such an anomaly does not harm the consis-
tency of a theory, and also does not prevent the conservation of the global
currents: in this this case, the right-hand-side of the conservation equation
contains only background fields, which are set to zero anyway at the end of
any computation of physical quantities.

Such a harmless anomaly can nevertheless be exploited in a very interest-
ing way, when strong dynamics is present. Suppose that an asymptotically
free theory has a global symmetry in the UV, with a non-trivial anomaly
ASGG £ (. Then one can in principle gauge, possibly very weakly, this global
symmetry, at the price of adding to the theory some “spectator” fermions
which compensate the anomaly AS%(;’CG = —ASYC but which otherwise are
completely decoupled from the original theory. Now the original theory flows
to strong coupling in the IR, and it reorganizes into effective degrees of free-
dom which are typically composites (such as the mesons and baryons of
QCD). If the global symmetry is unbroken in the IR, then it should still
be possible to gauge it in the same way as before. The spectator fermions
are unaffected by the RG flow of the original theory, and thus carry the
same anomaly AJSY also in the IR. Since the RG flow should not render
this gauged symmetry anomalous (in other words, the anomaly is one-loop-
exact), we deduce that whatever the low-energy degrees of freedom are, they
have to match the global anomaly of the UV theory, A{{T; = Agyy. This
reasoning is due to 't Hooft, hence the procedure is called 't Hooft anomaly
matching, and sometimes ASSY anomalies are called 't Hooft anomalies.

This is an important consistency check that a candidate low-energy theory
has to pass in order to be indeed connected to a UV theory. Alternatively, the
inability to satisfy 't Hooft anomaly matching may indicate that a symmetry
must be necessarily broken in the low-energy theory.

There is an additional anomaly that one can contemplate, when con-
sidering coupling to gravity (or just metric fluctuations as sources for the
stress-energy tensor). We will not go into the details, but just mention that
the procedure is very similar to the one of Fujikawa for the gauge fields. One

has to consider a fermionic operator —ic*D,, where now

DH = 3M - %WZpO',;ﬁ 5 (A48)
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with wzﬁ the spin connection (related to the Christoffel symbols I' —see
any textbook on General Relativity for further details). Then by similar
manipulations one finds that

—o*D,"D, = =0+ i(0 x Riemann) , (A.49)

where at this level of sketchiness we do not insist on the index structure of
the term involving the Riemann tensor. Eventually, we get to an anomalous
conservation equation which reads

0, J" Z ¢i(Riemann)? | (A.50)

where J* is the current associated to a (necessarily) abelian symmetry, under
which the Weyl fermions have respective charges ¢;. Note that on the other
hand, the coupling of fermions to gravity (in other words, their stress-energy
tensor) is universal, and this is the reason why the prefactor of this anomaly
only depends on the U(1) charges.

Abelian gauge theories must cancel this anomaly in order for them to
be consistently put in a (weakly) curved background, and possibly incorpo-
rated in a theory with dynamical (quantum) gravity. As for global (abelian)
symmetries, this is an additional consistency check, in the sense of 't Hooft
anomaly matching, if the theory undergoes a change in degrees of freedom
from the UV to the IR, while preserving the U(1) symmetry.

Our last remark about anomalies is the following. Recall that the La-
grangian of a generic gauge theory contains the so-called O-term

LD —%EWWF;VF;, , (A.51)
where a is an index in the adjoint of, say, an SU(N) gauge group, and as
everywhere else in this appendix, we normalize the gauge fields in such a way
that there is no explicit coupling ¢ in the covariant derivative (and hence in
the field strength). Recall that © is actually an angle, i.e. it is periodic
© ~ ©+ 2x. This is because the quantity that it multiplies, when integrated
over all spacetime, can be shown to be an integer. Hence two values of ©
that differ by a multiple of 27 lead to exactly the same path integral.

We immediately notice that the ©-term looks very much like the anomaly.
More precisely, the relevant anomaly is a mixed one of the A type, with
a global U(1) group under which the fermions 1),,, in the representation r;
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of the gauge group, have charge ¢;. Under a global transformation ,, —
€'y, . the fermionic path integral measure produces the following shift in
the Lagrangian

1
0L =a Z Gi 0 Tyl oo e F
= an, 64 26“”""F5VF;U : (A.52)

where we have used tr, T, T, = %T(m)éab, normalized in such a way that

T'(r) =1 for the fundamental of SU(N).
Then we can see the anomalous shift of the Lagrangian as a (passive)
shift of ©

00 = —OzZ:q2 i) . (A.53)

Alternatively, we can render the theory non-anomalous by accompanying a
chiral rotation by an active shift of © that compensates , and thus
makes the Lagrangian invariant.

Finally, note that means that a discrete subgroup of the global
U(1) may be preserved. Let us call ). ¢; T(r;) = p, and assume that p is
an integer (indeed, it is generally so, given our normalization for 7'(r) and
the fact that U(1) global charges should be integers). Then for a = 27/p,
the shift of the © angle is by a multiple of 27, and the path integral is
hence invariant. Therefore we conclude that Z, C U(1) is a non-anomalous
symmetry. The anomaly breaks the continuous U(1) to a discrete subgroup.
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